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Abstract
The paper is to prove the Gaussian correlation conjecture stating that, under the standard Gaussian
measure, the measure of the intersection of any two symmetric convex sets is greater than or equal to
the product of their measures. Characterization of the equality and some applications are given.
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1 Introduction
1.1 the main results
The standard Gaussian measure µn on R
n is given by
dµn(x) =
1
(2pi)n/2
exp {−|x|2/2}dx, (1.1)
where |x| is the Euclidean norm of x. The main subject of the paper is to prove the conjecture that, under
the standard Gaussian measure, a pair of symmetric convex sets are positively correlated or independent.
This conjecture is often called the Gaussian correlation conjecture in literatures.
Some special cases of the conjecture appeared first in the study of multidimensional confidence regions in
statistics for Gaussian measure. See, e.g., Dunn [12], Dunnett and Sobel [13], Khatri [24] and Sˇida´k [42][43].
We refer to Das Gupta, Eaton, Olkin, Perlman, Savage and Sobel [11] and Schechtman, Schlumprecht and
Zinn [40] for more historical background of the conjecture.
The statement of the conjecture in Theorem 1.1 below is from Pitt [36]. See [40] for some other equivalent
forms of the conjecture. Besides the original conjecture, characterization of the equality is also given in
Theorem 1.1. Notice that counterexamples of a stronger conjecture in [11] for general elliptically contoured
distributions are stated in Theorem 1.2 of Lewis and Pritchard [32].
The following definitions and notations are adopted in Theorem 1.1 and also the rest part of the paper.
A subset A of a Banach space is called a symmetric set if its indicator function IA is an even function. A
measurable subset A of Rn is called degenerate if µn(A) = 0. For A ⊆ Rn, denote by A the closure of A.
Denote by Cn the class of symmetric convex subsets of Rn. We call two subsets A and B of Rn unlinked if
either one of A and B is equal to Rn, or there exists some orthogonal transformation Q of Rn such that
Q(A) = A˜× Rk, Q(B) = Rn−k × B˜ for some A˜ ⊆ Rn−k, B˜ ⊆ Rk with 1 ≤ k ≤ n− 1.
Theorem 1.1. For every n ≥ 1 and every A,B ∈ Cn
µn(A ∩B) ≥ µn(A)µn(B). (1.2)
Moreover, (1.2) is an equality if and only if one of A and B is degenerate or A and B are unlinked.
Various partial results of the conjecture have been proved under additional conditions, e.g., one of A
and B is a symmetric slap in [24] and [42]; the two dimensional case in [36]; both A and B are contained
in the centered ball of radius 2−1/2Γ(1 + n/2)1/n or they are both centered ellipsoids in [40]; one of A and
B is a symmetric ellipsoid in Harge´ [16], and etc. When one of the symmetric sets is a slap, inequality
(1.2) is usually called Sˇida´k-Khatri inequality. Some other proofs of this special case are given in [43],
Jogdeo [22], [11] with extension to elliptically contoured distributions and Szarek and Werner [45] with
extension to an asymmetric case. See also the one-sided case in Slepian [44]. The result of [36] is extended
to some multidimensional cases in Borell [7]. See also Figalli, Maggi and Pratelli [14]. For the case
when one of the symmetric convex set is an ellipsoid in [16], another proof can be found in Cordero-
Erausquin [10]. See also Lim Adrian and Luo [35] for a special asymmetric case. Moreover, inequality
µn(A ∩ B) ≥ µn(λA)µn(
√
1− λ2B) (0 ≤ λ ≤ 1) is proved for λ = 2−1/2 in [40]. The case for general λ is
given in Theorem 1.1 Li [33]. For applications of this inequality on Gaussian processes, we refer to Li and
Shao [34].
Since the family of symmetric convex sets is stable under linear transformation, inequality (1.2) holds for
general centered Gaussian measures. Dimension free is another remarkable property of (1.2). In Theorem
6.1, inequality (1.2) is extended to Wiener space, which verifies the conjecture formulated in [34] and Lata la
[26] for instance.
Besides the potential applications of Theorem 1.1 to Gaussian processes, in Theorem 6.6 we show
that the Gaussian correlation inequality implies the same correlation inequality for subordinate Brownian
motion. Moreover, for any open sets A,B ∈ Cn such that neither of them is equal to Rn, we show that
λA∩B ≤ λA + λB in Theorem 6.2. Here λD is denoted for the spectral gap of Dirichlet Laplacian on a
domain D. The same spectral gap inequality can also be verified for generators of subordinate Brownian
motion with Dirichlet boundary condition.
2
1.2 introduction of the proof of Theorem 1.1
Next we introduce the proof of the conjecture together with some related methods used before. The proof
given here is based on some previous results about log-concave distributions which will be clear from the
introduction in what below. Denote by 〈·, ·〉 the standard inner product of Rn. For bounded measurable
functions u and v on Rn, define
ψλ(u, v) =
∫ ∫
u(x)v(y)f2n(x, y;λ)dxdy, ∀ λ ∈ [0, 1), (1.3)
where
f2n(x, y;λ) =
1
(2pi)n(1 − λ2)n/2 exp{−
|x|2 + |y|2 − 2λ〈x, y〉
2(1− λ2) }, ∀ x, y ∈ R
n. (1.4)
Denote also
ψ1(u, v) =
∫
uvdµn.
Let A,B ∈ Cn in the rest part of this section. In the study of (1.2), the following relations are used
frequently
µn(A ∩B) =ψ1(IA, IB), µn(A)µn(B) = ψ0(IA, IB), (1.5)
which can be verified directly. Therefore, to prove (1.2) it is sufficient to show that the derivative of
ψλ(A,B) is nonnegative. This monotone property may be taken as a finer version of the Gaussian correlation
conjecture which has been verified for the case when one of the symmetric convex sets is a slap in [43][22]
and also for the two dimensional case in [36].
The correlation parameter λ above is often used in statistical literature. For function ψλ, another
parameter defined by − lnλ is introduced in [36]. Denote for every t ≥ 0
φt(u, v) = ψe−t/2(u, v), (1.6)
when the right hand side above is well defined. In what below ψλ(IA, IB) and φt(IA, IB) are also denoted
by ψλ(A,B) and φt(A,B), respectively. By (1.5) and (1.6),
µn(A ∩B) =φ0(A,B), µn(A)µn(B) = lim
t→∞
φt(A,B). (1.7)
To study the monotone property of φt, it is derived in [36] that, for smooth functions u and v with
gradients controlled by some polynomial for instance,
d
dt
φt(u, v) = −1
2
∫
〈∇Ptu,∇v〉dµn, ∀ t ≥ 0, (1.8)
where (Pt) is the Ornstein-Uhlenbeck semigroup defined by
Ptu(x) =
1
(2pi(1− e−t))n/2
∫
u(y) exp{−|y − e
−t/2x|2
2(1− e−t) }dy, ∀ x ∈ R
n, ∀ t > 0; (1.9)
P0u(x) =u(x), ∀ x ∈ Rn.
One way to derive formula (1.8) is from the fact that the infinitesimal generator of (Pt) is
1
2 (∆ − 〈x,∇〉)
and the following relation
φt(u, v) =
∫
(Ptu)vdµn, ∀ t ≥ 0. (1.10)
The semigroup point of view is adopted in [16] on the conjecture.
It is given in [40] that the following inequality is equivalent to the conjecture: for any ε′ > 0, there
exists some integer N0 ≥ 1 such that
µn(A ∩B) ≥ exp{−ε′n}µn(A)µn(B), ∀ A,B ∈ Cn, ∀ n ≥ N0. (1.11)
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Instead of proving (1.2) directly, our aim is to verify (1.11). To this end, the parameter λ and the parameter
t are both crucial in the proof. Next we give an outline of the proof of (1.11) according to the correlation
of the assistant function is strong, moderate and small, respectively.
Strong correlation I Let ε > 0. The derivative estimate of ψλ(A,B), given in Lemma 2.6, shows that
µn(A ∩B) = ψ1(A,B) ≥ exp{−εn}ψ1−ε(A,B), ∀ A,B ∈ Cn. (1.12)
The proof of the estimate (1.12) is based on a functional form of the special case when one of the symmetric
convex sets is an ellipsoid mentioned above. See Lemma 2.2.
Strong correlation II We have
ψ1−ε(A,B) =ψ1(PδIA, PδIB), ∀ A,B ∈ Cn,
where δ = − ln(1 − ε). The action of Pδ on IA and IB allows us to prove the conjecture under an extra
assumption that both of the symmetric convex sets contain large ball with radius of order
√
n. See Corollary
3.5 for more details.
Small correlation I Let α ∈ (0, 1). For every A ∈ Cn, a symmetric log-concave function hA,α(x) =
exp{−HA,α(x)} = exp{−nρA(x) − 2−1α|x|2} on Rn is defined in (3.82). The estimate for the increments
of φt(A,B) can then be reduced to that of φt(hA,α, hB,α) when α is close to zero. We show that for some
t0 > 0
d
dt
φt(hA,α, hB,α) < 0, ∀ t ∈ (t0,∞). (1.13)
The proof of (1.13) is proved by the first derivative estimate and the second derivative estimate of ψλ at
λ = 0 which are given in Lemma 2.4 and Lemma 5.4 respectively.
Small correlation II In Lemma 4.3, the following inequality is given:
d2
dt2
φt(hA,α, hB,α) >− 1
2
d
dt
φt(hA,α, hB,α), ∀ t ∈ (T (α),∞), (1.14)
where T (α) is a positive constant depending on α. The relation above relies on the following uniform
estimate
C(α)e−tIn ≤ ∇2HA,α,t(x) ≤2(1 ∧ t)−1e−tIn, ∀ x ∈ Rn, ∀ t > 0, (1.15)
where HA,α,t is defined by PthA,α = exp{−HA,α,t} and C(α) = min(e−3α, 2−6e−3). The estimate (1.15) is
given in Lemma 3.18. Combing (1.13) and (1.14), we get
d
dt
φt(hA,α, hB,α) < 0, ∀t ∈ (T (α),∞).
The estimate (1.15) is a quantity version of the fact that Ptu ∈ CFn if u ∈ CFn, which is a consequence of
Theorem 7 in Pre´kop [39].
Moderate correlation I As the estimate (1.12), the increments of function φt(hA,α, hB,α) on [0, ε) can
be controlled well in order to verify (1.11).
Moderate correlation II The conclusion in the strong correlation II above allows us further assume that
Bn(δ
√
n) ⊆ A ∩ B for some δ > 0. In order to estimate the increments of φt(hA,α, hB,α) for t ∈ [ε, T (α)],
we show in Lemma 4.11 that for n big enough depending on ε, δ and α
d
dt
φt(hA,α, hB,α) < εnφt(hA,α, hB,α), ∀ t ∈ [ε, T (α)].
Since the order of T (α) is − ln ε when taking α = ε in the final proof of Theorem 1.1, the inequality (1.11)
can be verified from the estimates introduced all above. The proof of Lemma 4.11 is based a monotone
estimate for some assistant function with dilation parameter; see Lemma 4.6. The main tools in the proof of
Lemma 4.6 and some other related estimates to prove Lemma 4.11 are some concentration inequalities for
certain log-concave distributions, including the Poincare´ inequality given in Brascamp and Lieb [8] and the
isoperimetric inequality given in Bakry and Ledoux [3]. We refer to Ledoux [27][28] for more information
of this subject.
4
1.3 structure of the paper with some further comments and notations
The rest part of the paper is organized as follows. The second section provides some basic estimates of
dψλ/dλ together with a formula for the second derivative. In Lemma 2.9 we show that the monotone
property of ψλ can be obtained when the Ornstein-Uhlenbeck semigroup is replaced by the semigroup of
Brownian motion together with a change of reference measure.
The first part of section three is to reduce the condition of the conjecture to the case that the symmetric
convex sets containing large ball. Most effort of this section is to prove Proposition 3.17. We remark that
the result of Proposition 3.17 is motivated by Pre´kopa’s result in [39], however, the proof can be modified
by induction without applying this result. The last part of this section is to introduce some log-concave
functions associated with symmetric convex sets and prove the uniform estimate in (1.15) above.
To study the moderate correlation part introduced above, in section four, we give some basic derivative
estimates of φt for the associated log-concave functions. Some related formulas for the derivatives can be
found in, e.g., [11], [21], Houdre´, Pe´rez-Abreu and Surgailis [20], [34] and Harge´ [18]. The relation of φt
for the symmetric convex sets and the associated log-concave functions is given in section five. The proof
of Theorem 1.1 is also given in section five. When the convex sets are bounded, we note that the result of
Lemma 5.4 has been given in Koldobsky and Montgomery-Smith [25] by the method of Fourier analysis.
Therefore, the estimate (1.13) above is essentially given in [25]. For the unbounded case, we use Anderson
inequality in Anderson [1] in the proof of Lemma 5.4. Some applications of Theorem 1.1 mentioned above
are given in the last section.
Next we briefly introduce another two types of functional correlation inequalities for Gaussian measure
which are closely related to the paper. One is a correlation inequality for two convex functions under µn
given in Hu [21]. The other is a correlation inequality for a convex function and a log-concave function
under general Gaussian measures given in Harge´ [17]. The relation of these two types of inequalities can
be found in [17]. See also Remark 5.10 below for some further comments.
The derivative estimate given in the second section can also be proved by Harge´’s inequality in [17]
mentioned above. The proof of Harge´’s inequality in [17] relies on a sharp regularity estimate for certain
Brenier map given in Caffarelli [9]. Since we only need some special cases of Harge´’s inequality, this
approach is not adopted here. Moreover, Lemma 2.6 can also be proved by Sˇida´k-Khatri inequality since
the convex function used in the proof of Lemma 2.6 is square function.
Throughout the paper, notations m,n, i, j, k, l are always denoted for integers with n ≥ 1, notations
x, y, z are always denoted for elements of Rn. The coordinates of x are denoted by (x1, · · · , xn) and the
same convention is applied also to y and z. For A ⊆ Rn, denote F (A) = {F (x) : x ∈ A} for a map F
defined on Rn and denote by Ac the complement of A. The notation of the integral
∫
is over all of Rn
unless explicitly stated otherwise. Denote by fn(·) the density function of the standard Gaussian measure
on Rn. Denote Sn−1 = {x ∈ Rn : |x| = 1} and Bn(r) = {x ∈ Rn : |x| < r} for every r ≥ 0. Denote by mk
the k−dimensional Hausdorff measure for every k ≥ 0. Denote by In the identity matrix on Rn. For two
n by n matrixes Q1 and Q2, denote Q1 ≤ Q2 when Q2 −Q1 is a nonnegative definite matrix.
A nonnegative function f on Rn is called log-concave if f(λx+(1−λ)y) ≥ f(x)λf(y)1−λ holds for every
x, y ∈ Rn and every 0 < λ < 1. Denote by CFn the class of symmetric log-concave functions on Rn. For an
unit vector e ∈ Rn, denote by ∂e the partial derivative along e. For 1 ≤ i ≤ n, denote by ei the unit vector
of Rn of which the i-th coordinate is equal to one. For 1 ≤ i ≤ n, denote ∂ei by ∂i. For twice differentiable
function f on Rn, denote by ∇2f the Hessian of f . For a > 0 denote by ⌊a⌋ the integer part of a. For
a, b ∈ R, denote a ∨ b = max{a, b} and a∧ b = min{a, b}. Some other notations will be introduced in what
below when necessary.
2 Derivative estimates for correlation parameter
2.1 Harge´’s correlation inequality
The main aim of this section is to give some derivative estimate of ψλ(A,B) which is helpful in particular
when λ is close to one or zero in the proof of Theorem 1.1.
In what below we say that a set A ⊆ Rn is a centered ellipsoid if A = {x : |〈Σx, x〉| ≤ 1} for some
symmetric nonnegative definite matrix Σ. We say that the lower level sets of a nonnegative function f on
R
n are centered ellipsoids if {x : f(x) ≤ r} is either a centered ellipsoid or a degenerate set for every r ≥ 0.
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Lemma 2.1. [Corollary 3 in [16]] Let A ∈ Cn and γn be a centered Gaussian measure on Rn. Then for
every centered ellipsoid B ⊆ Rn
γn(A ∩B) ≥ γn(A)γn(B).
For function u on Rn, denote by Supp(u) the closure of the set {x : u(x) > 0} in Rn. The following
inequality is motivated by Harge´’s correlation inequality in [17] and it is a functional form of the result
above. See also Theorem 2 in [16] for another form. Notice that (2.1) below still holds when the left hand
side is infinity.
Lemma 2.2. Let γn be a centered Gaussian measure on R
n. Let u ∈ CFn and f be a nonnegative function
of which the lower level sets are centered ellipsoids. Then∫
fudγn ≤
∫
udγn
∫
fdγn, (2.1)
provided that both sides above are well defined finite integrals. Let M ∈ (0,∞). If further assuming that
0 ≤ f(x) ≤M for every x ∈ Supp(u), then∫
fudγn ≤
∫
udγn
∫
(f ∧M)dγn. (2.2)
Proof We have by Fubini theorem, the assumptions of u, f and Lemma 2.1∫
fudγn =
∫ ( ∫ ∞
0
If>rdr
)
udγn
=
∫ ∞
0
( ∫
udγn −
∫
uIf≤rdγn
)
dr
≤
∫ ∞
0
( ∫
udγn −
∫
udγn
∫
If≤rdγn
)
dr
=
∫
udγn
∫
fdγn,
which gives (2.1). Suppose further that 0 ≤ f(x) ≤ M for all x ∈ Supp(u). Then we have ∫ fudγn =∫
(f ∧ M)udγn. Noticing that the lower level sets of f ∧ M are centered ellipsoids, we get the second
conclusion by (2.1).
2.2 some derivative estimates
Recall that f2n(x, y;λ) is defined by (1.4) and fn is the density function of µn. We refer to [2] for some
basic properties of Gaussian measure. When λ = 0,
f2n(x, y; 0) =fn(x)fn(y), ∀ x, y ∈ Rn. (2.3)
For every λ ∈ [0, 1), ∫ ∫
〈x, y〉f2n(x, y;λ)dxdy =λn, (2.4)∫ ∫
|x|2f2n(x, y;λ)dxdy =n. (2.5)
Lemma 2.3. Let u and v be two bounded measurable functions on Rn. Then for every λ ∈ [0, 1)
dψλ(u, v)
dλ
=
∫ ∫
hλ(x, y)u(x)v(y)f2n(x, y;λ)dxdy, (2.6)
where
hλ(x, y) =
−λ(|x|2 + |y|2) + (1 + λ2)〈x, y〉+ nλ(1− λ2)
(1− λ2)2 . (2.7)
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Proof For every x, y ∈ Rn and every λ ∈ [0, 1), we have by (1.4)
∂f2n(x, y;λ)
∂λ
=
∂
∂λ
( 1
(2pi)n(1 − λ2)n/2 exp {−
|x|2 + |y|2 − 2λ〈x, y〉
2(1− λ2) }
)
=
−λ(|x|2 + |y|2) + (1 + λ2)〈x, y〉 + nλ(1− λ2)
(1 − λ2)2 f2n(x, y;λ).
Then we get (2.6) by definition (1.3).
Lemma 2.4. Let u and v be two bounded measurable functions on Rn and assume that v is symmetric.
Then
( d
dλ
ψλ(u, v)
)
λ=0
= 0.
Proof By (2.3), (2.6) and Fubini theorem,
( d
dλ
ψλ(u, v)
)
λ=0
=
∫ ∫
〈x, y〉u(x)v(y)dµn(x)dµn(y)
=
n∑
i=1
∫
xiu(x)dµn(x)
∫
yiv(y)dµn(y) = 0,
where we use assumption v(y) = v(−y) in the last equality above.
Lemma 2.5. Let u and v be two measurable functions on Rn which are both bounded and nonnegative.
Suppose further that v is symmetric. Then for every λ ∈ [0, 1)∫ ∫
〈x, y〉u(x)v(y)f2n(x, y;λ)dxdy ≥ 0.
Proof Let λ ∈ [0, 1). To prove the lemma, by Fubini theorem and the assumption u ≥ 0, it is sufficient to
verify that for every x ∈ Rn
〈x,
∫
yv(y)f2n(x, y;λ)dy〉 ≥ 0. (2.8)
From the assumption of v, function v(Q(·)) is symmetric for any orthogonal transformation Q of Rn. We
also have that f2n(·, ·;λ) = fn(Q(·), Q(·);λ) for any orthogonal transformation Q of Rn. Therefore, to
prove (2.8) we can assume in what below that x = ae1 for some a ≥ 0. Here e1 = (1, 0, · · · , 0). In other
words, to prove (2.8) it is sufficient to show that∫
y1v(y)f2n(ae1, y;λ)dy ≥ 0. (2.9)
The assumption a ≥ 0 implies that |y − aλe1| ≤ |y + aλe1| when y1 ≥ 0. Therefore, by the symmetric and
nonnegative assumptions of v, we get∫
y1v(y)f2n(ae1, y;λ)dy
=
1
(2pi)n(1 − λ2)n/2
∫
y1v(y) exp{−|y − λae1|
2
2(1− λ2) }dy
=
1
(2pi)n(1 − λ2)n/2
∫
y1≥0
y1v(y)
(
exp{−|y − λae1|
2
2(1− λ2) } − exp{−
|y + λae1|2
2(1− λ2) }
)
dy
≥0,
which gives (2.9).
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Lemma 2.6. Let u, v ∈ CFn. Then for every λ ∈ [0, 1)
dψλ(u, v)
dλ
≥ −λn
(1 + λ)2
ψλ(u, v). (2.10)
Proof Let λ ∈ [0, 1). Set
h˜λ(x, y) := λ(|x|2 + |y|2)− 2λ〈x, y〉, ∀ x, y ∈ Rn.
Notice that the lower level sets of h˜λ are ellipsoids of R
2n. By (2.4) and (2.5),∫ ∫
h˜λ(x, y)f2n(x, y;λ)dxdy = 2λ(1− λ)n.
This and (2.1) give∫ ∫
h˜λ(x, y)u(x)v(y)f2n(x, y;λ)dxdy ≤ 2λ(1− λ)n
∫ ∫
u(x)v(y)f2n(x, y;λ)dxdy.
Applying Lemma 2.3, Lemma 2.5 and the inequality above, we have
dψλ(u, v)
dλ
=
∫ ∫ −λ(|x|2 + |y|2) + (1 + λ2)〈x, y〉+ λ(1− λ2)n
(1− λ2)2 u(x)v(y)f2n(x, y;λ)dxdy
=
∫ ∫ −h˜λ(x, y) + (1− λ)2〈x, y〉+ λ(1 − λ2)n
(1− λ2)2 u(x)v(y)f2n(x, y;λ)dxdy
≥
∫ ∫ −2λ(1− λ)n+ λ(1− λ2)n
(1− λ2)2 u(x)v(y)f2n(x, y;λ)dxdy
=
−λn
(1 + λ)2
∫ ∫
u(x)v(y)f2n(x, y;λ)dxdy,
which gives (2.10).
Remark 2.7. The lower bound of the derivative given above implies that µn(A ∩ B) ≥ exp{−(ln 2 −
2−1)n}µn(A)µn(B) for every A,B ∈ Cn. This improves the estimate µn(A ∩ B) ≥ exp{−n2 }µn(A)µn(B)
given in [40]. See also [41] for another form of estimate.
Lemma 2.8. Let u and v be two bounded measurable functions on Rn. Then for every λ ∈ [0, 1)
d2ψλ(u, v)
dλ2
=
∫ (
hλ(x, y)
2 +
−(1 + 3λ2)(|x|2 + |y|2) + 2λ(3 + λ2)〈x, y〉+ n(1− λ4)
(1− λ2)3
)
u(x)v(y)f2n(x, y;λ)dxdy,
where hλ is defined by (2.7).
Proof For every x, y ∈ Rn, direct calculation shows that
∂
∂λ
hλ(x, y) =
−(|x|2 + |y|2) + 2λ〈x, y〉+ n(1− 3λ2)
(1 − λ2)2
+
−4λ2(|x|2 + |y|2) + 4λ(1 + λ2)〈x, y〉 + 4nλ2(1− λ2)
(1 − λ2)3
=
−(1 + 3λ2)(|x|2 + |y|2) + 2λ(3 + λ2)〈x, y〉+ n(1− λ4)
(1− λ2)3 .
Then we get the conclusion by (2.6).
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2.3 a correlation inequality associated with Brownian motion
We know that dψλ(u, v)/dλ ≥ 0 holds for every λ ∈ [0, 1) and every u, v ∈ CFn if and only if for every
smooth functions u, v ∈ CFn with bounded supports∫
〈∇u,∇v〉dµn ≥ 0.
The following lemma shows that the inequality above holds when the Gaussian measure is replaced by the
Lebesgue measure.
Lemma 2.9. Let u and v be two smooth functions of CFn with bounded supports. Then∫
〈∇u,∇v〉dx ≥ 0.
Proof Let (Tt) be the semigroup associated with the standard Brownian motion on R
n, which means that
for any bounded measurable function f
Ttf(x) =
1
(2pit)n/2
∫
exp{−|y − x|
2
2t
}f(y)dy, ∀ x ∈ Rn, ∀ t > 0; T0f = f. (2.11)
For smooth functions f and g with bounded supports, we know that( d
dt
∫
fTtgdx
)
t=0
= −1
2
∫
〈∇f,∇g〉dx. (2.12)
Let u and v be two smooth functions of CFn with bounded supports. By (2.11), (2.12) and approximation,
to prove the lemma it is sufficient to show that for every t > 0
d
dt
∫
uTtvdx ≤ 0. (2.13)
Let t > 0 in what below. We have by (2.11)
d
dt
∫
uTtvdx =
d
dt
( 1
(2pit)n/2
∫
u(x)dx
∫
exp{−|y − x|
2
2t
}v(y)dy
)
=− 1
2t2(2pit)n/2
∫
u(x)dx
∫
exp{−|y − x|
2
2t
}(nt− |x− y|2)v(y)dy. (2.14)
Next we apply a standard technique of approximation, c.f. [4]. We have
1
(2pit)n/2
∫
u(x)dx
∫
exp{−|y − x|
2
2t
}|x− y|2v(y)dy
= lim
δ→∞
1
(2pit)n/2
∫
exp{−|x|
2
2δ
}u(x)dx
∫
exp{−|y − x|
2
2t
}|x− y|2v(y)dy. (2.15)
For every δ > 0, define Gaussian measure γ2n(x, y; δ, t) on R
2n by
dγ2n(x, y; t, δ) =
1
(2pi)n(tδ)n/2
exp{−|x|
2
2δ
− |y − x|
2
2t
}dxdy.
Then we have by (2.1)
1
(2pit)n/2
∫
exp{−|x|
2
2δ
}u(x)dx
∫
exp{−|y − x|
2
2t
}|x− y|2v(y)dy
=(2piδ)n/2
∫ ∫
|x− y|2u(x)v(y)dγ2n(x, y; δ, t)
≤(2piδ)n/2
∫ ∫
u(x)v(y)dγ2n(x, y; δ, t)
∫ ∫
|x− y|2dγ2n(x, y; δ, t)
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=
nt
(2pit)n/2
∫
exp{−|x|
2
2δ
}u(x)dx
∫
exp{−|y − x|
2
2t
}v(y)dy,
which gives together with (2.15)
1
(2pit)n/2
∫
u(x)dx
∫
exp{−|y − x|
2
2t
}|x− y|2v(y)dy
≤ nt
(2pit)n/2
∫
u(x)dx
∫
exp{−|y − x|
2
2t
}v(y)dy. (2.16)
Combing (2.14) and (2.16), we get (2.13).
Remark 2.10. If for any smooth functions u and v of CFn with bounded supports∫
Bn(r)
〈∇u,∇v〉dx ≥ 0, ∀ r > 0,
then the first conclusion of Theorem 1.1 can be verified by Fubini theorem. From the proof in [36], the
inequality above may hold when n = 2.
3 From symmetric convex sets to certain log-concave functions
3.1 symmetric convex sets containing large ball
Recall that (Pt)t≥0 is the Ornstein-Uhlenbeck semigroup on Rn. We know that (Pt)t≥0 is a symmetric
semigroup on L2(Rn, µn) which gives that
φt(u, v) =φt(v, u), ∀ t ≥ 0, (3.1)
φt+s(u, v) =
∫
(Ptu)Psvdµn, ∀ t, s ≥ 0. (3.2)
where u, v ∈ L2(Rn, µn).
The following Lemma is frequently used in the study of the conjecture. It is a direct consequence of
Theorem 7 in [39] and the fact that the density function of Gaussian measure is log-concave.
Lemma 3.1. Suppose that f ∈ CFn. Then Ptf ∈ CFn for every t ≥ 0.
Lemma 3.2. Let r0, t0 ∈ [0, 1] and A ∈ Cn. Then for every x ∈ Bn(r0√n)
exp{−t−10 r20n}Pt0IA(0) ≤ Pt0IA(x) ≤ Pt0IA(0). (3.3)
Proof Let r0, t0 ∈ [0, 1] and x ∈ Bn(r0
√
n). Then we have by (1.9)
Pt0IA(x) =
1
(2pi(1 − e−t0))n/2
∫
A
exp{−|y − e
−t0/2x|2
2(1− e−t0) }dy
≥ 1
(2pi(1 − e−t0))n/2
∫
A
exp{−|y|
2 + r20n− 2e−t0/2〈y, x〉
2(1− e−t0) }dy.
From the symmetric assumption of A and the convexity of exponent function, we further get
Pt0IA(x) ≥
1
2(2pi(1− e−t0))n/2 exp{−
r20n
2(1− e−t0)}
∫
A
(
exp{−|y|
2 − 2e−t0/2〈y, x〉
2(1− e−t0) }
+ exp{−|y|
2 + 2e−t0/2〈y, x〉
2(1− e−t0) }
)
dy
≥ 1
(2pi(1 − e−t0))n/2 exp{−
r20n
2(1− e−t0)}
∫
A
exp{− |y|
2
2(1− e−t0)}dy
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=exp{− r
2
0n
2(1− e−t0)}Pt0IA(0).
Noticing that 1 − e−t > t/2 when t ∈ [0, 1], we get the first inequality of (3.3) from the estimate above.
By Lemma 3.1 and A ∈ Cn, we have Pt0IA ∈ CFn. Therefore, the function Pt0IA takes its maximal at the
origin which gives to the second inequality of (3.3).
Set for every A ∈ Cn and every a, r ≥ 0
Aa,r ={x : PaIA(x) ≥ rPaIA(0)}. (3.4)
Lemma 3.3. Let A,B ∈ Cn and 0 ≤ t1 ≤ t2. Suppose that for some constants a > 0 and c0 ∈ (0, 1]
φt1(Aa,r, Ba,s) ≥ c0φ(t2−2a)∧t1(Aa,r, Ba,s), ∀ r, s ∈ [0, e−an]. (3.5)
Then
φt1(A,B) ≥ c0e−3anφt2(A,B). (3.6)
Proof Let t > 0 and set λ = e−t/2. By Lemma 2.6
dφt(A,B)
dt
=− 1
2
e−t/2
dψλ(A,B)
dλ
≤ 1
2
e−t/2
nλ
(1 + λ)2
ψλ(A,B) ≤ n
2
φt(A,B),
which gives
φt′(A,B) ≤ e(t
′−t)n/2φt(A,B), if 0 ≤ t ≤ t′.
Therefore,
φt1(A,B) ≥ e−anφt1+2a(A,B). (3.7)
The estimate above shows that the lemma holds when t2 ≤ t1 +2a. Next we assume that t2 > t1 + 2a and
set t′2 = t2 − 2a. By Fubini theorem and (3.2),
φt1+2a(A,B) =φt1(PaIA, PaIB)
=
∫ ∫
PaIA(x)PaIB(y)f2n(x, y; e
−t1/2)dxdy
=
∫ ∞
0
dr
∫ ∞
0
ds
∫ ∫
IPaIA(x)≥rIPaIA(y)≥sf2n(x, y; e
−t1/2)dxdy.
Then, by the second inequality of (3.3) and definition (3.4)
φt1+2a(A,B) =
∫ PaIA(0)
0
dr
∫ PaIB(0)
0
ds
∫ ∫
IPaIA(x)≥rIPaIB(y)≥sf2n(x, y; e
−t1/2)dxdy
=
∫ PaIA(0)
0
dr
∫ PaIB(0)
0
φt1(Aa,r/PaIA(0), Ba,s/PaIB(0))ds
=PaIA(0)PaIB(0)
∫ 1
0
dr
∫ 1
0
φt1(Aa,r, Ba,s)ds
≥PaIA(0)PaIB(0)
∫ an
0
dr
∫ an
0
φt1(Aa,r, Ba,s)ds,
where an = e
−an. Applying assumption (3.5), we further get
φt1+2a(A,B) ≥c0PaIA(0)PaIB(0)
∫ an
0
dr
∫ an
0
φt′2(Aa,r, Ba,s)ds. (3.8)
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Noticing that φt′2(Aa,r1 , Ba,s1) ≥ φt′2(Aa,r2 , Ba,s2) if 0 ≤ r1 ≤ r2 and 0 ≤ s1 ≤ s2, we have
PaIA(0)PaIB(0)
∫ an
0
dr
∫ an
0
φt′2(Aa,r, Ba,s)ds
≥a2nPaIA(0)PaIB(0)
∫ 1
0
dr
∫ 1
0
φt′2(Aa,r, Ba,s)ds
=a2n
∫ PaIA(0)
0
dr
∫ PaIB(0)
0
φt′2(Aa,r/PaIA(0), Ba,s/PaIB(0))ds
=e−2anφt2(A,B). (3.9)
Combing (3.7)-(3.9), we get (3.6) when t2 > t1 + 2a.
Lemma 3.4. Let 0 ≤ t ≤ s and δ0, c0 ∈ (0, 1]. Suppose that there exists some integer n0 such that for
every A,B ∈ Cn with Bn(δ0
√
n) ⊆ A ∩B and every n ≥ n0
φt(A,B) ≥ c0φ(s−2δ0)∧t(A,B). (3.10)
Then for every A,B ∈ Cn and every n ≥ n0
φt(A,B) ≥ c0e−3δ0nφs(A,B).
Proof Let A,B ∈ Cn and n ≥ n0. Setting r0 = t0 = δ0, we get by definition (3.4) and Lemma 3.2
Bn(δ0
√
n) ⊆ Aδ0,r ∩Bδ0,r, ∀ r ∈ [0, e−δ0n],
where Aδ0,r and Bδ0,r are defined by (3.4). By assumption (3.10) and the estimate above
φt(Aδ0,r, Bδ0,r′) ≥ c0φ(s−2δ0)∧t(Aδ0,r, Bδ0,r′), ∀ r, r′ ∈ [0, e−δ0n]. (3.11)
By taking a = δ0 in (3.5), we get the conclusion by (3.11) and Lemma 3.3.
Applying (1.7) and Lemma 3.4, we get the following result.
Corollary 3.5. Let δ0, c0 ∈ (0, 1]. Suppose that there exists some integer n0 such that for every A,B ∈ Cn
with Bn(δ0
√
n) ⊆ A ∩B and every n ≥ n0
µn(A ∩B) ≥ c0µn(A)µn(B).
Then for every A,B ∈ Cn and every n ≥ n0
µn(A ∩B) ≥ c0 exp{−3δ0n}µn(A)µn(B).
Next we prepare some basic formulas and estimates. We have∫
|xi|2dµn =1, for i = 1, · · · , n;
∫
|x|4dµn = n2 + 2n; (3.12)
µ1([s,∞)) ≤(2pi)−1/2s−1e−s2/2, ∀ s > 0. (3.13)
By the first equality of (3.12) and Chebyshev inequality
µn(Bn(
√
n)) > 1/2. (3.14)
Notice that in fact limn→∞ µn(Bn(
√
n)) = 1/2 (c.f. [40]). We have for every r ≥ 0 (c.f. [15])
mn−1(Sn−1(r)) =
2pin/2
Γ(n/2)
rn−1. (3.15)
By Stirling formula (c.f. [15]),
Γ(n/2) ∼
√
pi/ne−n/2nn/22−(n−2)/2. (3.16)
The constants Nl for l ≥ 1 defined in what below will be used throughout the paper.
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Lemma 3.6. There exists some universal integer N1 such that for every r0 ∈ (0, 1) and every n ≥ N1
µn(Bn(r
−1
0
√
n)c) ≤(1 − r20)−1n−1/2r−n+20 exp{−(r−20 − 1)n/2}. (3.17)
Proof Let 0 < r0 < 1. For every r > r
−1
0
√
n, by r0 ∈ (0, 1) we have r2 ≤ (1 − r20)−1(r2 − (n − 2)). By
(3.15), we have
µn(Bn(r
−1
0
√
n)c) =
1
2(n−2)/2Γ(n/2)
∫ ∞
r−10
√
n
rn−1 exp{−r2/2}dr
≤− 1
(1− r20)2(n−2)/2Γ(n/2)
∫ ∞
r−10
√
n
d(rn−2 exp{−r2/2})
=
1
(1− r20)2(n−2)/2Γ(n/2)
r−n+20 n
−1+n/2 exp{−r−20 n/2}.
Then the conclusion follows by (3.16) and the estimate above.
Lemma 3.7. There exists some universal integer N2 such that for every C ≥ 2 and every n ≥ N2∫
|x|>C√n
|x|3u(x)dµn ≤ exp{−C2n/6}.
Proof Let C ≥ 2. For n big enough, we have by (3.15) and (3.16)∫
|x|>C√n
|x|3dµn = 1
2(n−2)/2Γ(n/2)
∫ ∞
C
√
n
rn+2 exp{−r2/2}dr
≤ 1
n2(n−2)/2Γ(n/2)
∫ ∞
C
√
n
−d(rn+3 exp{−r2/2})dr
=
Cn+3n(n+1)/2 exp{−C2n/2}
2(n−2)/2Γ(n/2)
≤nCn+3 exp{−(C2 − 1)n/2}.
Noticing that C2 − 1 − 2 lnnn − 2(n+3)n lnC ≥ C2/3 for every C ≥ 2 when n is big enough, we get the
conclusion from the estimate above.
Lemma 3.8. There exists some universal integer N3 such that for every u ∈ CFn and every n ≥ N3∫
|x|>2√n
|x|3u(x)dµn ≤ e−n/2
∫
|x|<√n
u(x)dµn. (3.18)
Proof By assumption u ∈ CFn, we have u(r1x) ≥ u(r2x) for every x ∈ Rn if r2 > r1 ≥ 0. Then we have
for every n ≥ 2∫
|x|>2√n
|x|3u(x)dµn = 1
(2pi)n/2
∫
Sn−1
dmn−1(x˜)
∫ ∞
2
√
n
rn+2u(rx˜) exp{−r2/2}dr
≤ 1
n(2pi)n/2
∫
Sn−1
u(
√
nx˜)dmn−1(x˜)
∫ ∞
2
√
n
−d(rn+3 exp{−r2/2})dr
=
2n+3n(n+1)/2e−2n
(2pi)n/2
∫
Sn−1
u(
√
nx˜)dmn−1(x˜).
We also have ∫
|x|<√n
u(x)dµn =
1
(2pi)n/2
∫
Sn−1
dmn−1(x˜)
∫ √n
0
rn−1u(rx˜) exp{−r2/2}dr
≥ 1
n(2pi)n/2
∫
Sn−1
u(
√
nx˜)dmn−1(x˜)
∫ √n
0
d(rn exp{−r2/2})dr
≥n
n/2e−n/2
n(2pi)n/2
∫
Sn−1
u(
√
nx˜)dmn−1(x˜).
Combing the two estimates above, we get (3.18) for n big enough.
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3.2 Hessen estimates
The main subject of this subsection is to give a quantity version of Lemma 3.1. First we prepare some
formulas for the later use. The Ornstein-Uhlenbeck semigroup (Pt)t≥0 can be written also as
Ptu(x) =
∫
u(e−t/2x+ (1− e−t)1/2y)dµn(y), ∀x ∈ Rn, ∀t ≥ 0, (3.19)
where u is a bounded measurable function for instance. For random variables X and Y on some probability
space (Ω,F , P ) with finite second moments, we have∫
Ω
X(Y −
∫
Ω
Y dP )dP =
∫
Ω
(X −
∫
Ω
XdP )(Y −
∫
Ω
Y dP )dP, (3.20)∫
Ω
(X −
∫
Ω
XdP )(Y −
∫
Ω
Y dP )dP =
∫
Ω
XY dP −
∫
Ω
XdP
∫
Ω
Y dP, (3.21)
and ∫
Ω
(X −
∫
Ω
XdP )2dP ≤
∫
Ω
(X − b)2dP, ∀ b ∈ R. (3.22)
For functions f and g on Rn, denote by f ∗ g the convolution of f and g when it exists. Let u, v be
positive measurable function on Rn and suppose that u = e−U is smooth. Define function U˜ by u∗v = e−U˜ .
Next we derive a formula for the partial derivatives of U˜ . We assume that all the integrals involved below
are well defined. Let x ∈ Rn. Define probability measure γx on Rn by
dγx(y) =
1
(u ∗ v)(x)u(x− y)v(y)dy. (3.23)
Let m ≥ 1. Set An,m = {1, · · · , n}m. For every a ∈ An,m, write a = (a1, · · · , am) and ∂a = ∂a1 · · · ∂am .
Define for every y ∈ Rn, D ⊆ {1, · · · ,m} and every a ∈ An,m
ξn,a,D(x, y) =
( ∏
i∈D
∂ai
)
U(x− y)−
∫ ( ∏
i∈D
∂ai
)
U(x− y)dγx(y).
For every a ∈ An,m, k ≥ 1 and every Θ = (Θ1, · · · ,Θk) such that Θl ⊆ {1, · · · ,m} for 1 ≤ l ≤ k, denote
ξΘn,a(x) =
∫ k∏
l=1
ξn,a,Θl(x, y)dγx(y). (3.24)
Denote by Pm the set of all partitions of {1, · · · ,m}. For 1 ≤ k ≤ m, denote by Pm,k the subset of Pm
such that a partition belongs to Pm,k if and only if it contains exactly k sets. For Θ ∈ Pm,k, denote
Θ = (Θ1, · · · ,Θk), where (Θ1, · · · ,Θk) is the partition corresponding to Θ. Denote for every a ∈ An,m
K(1)n,a(x) =
m∑
k=2
∑
Θ∈Pm,k
(−1)k+1ξΘn,a(x), (3.25)
where the right hand side above is assumed to be zero when m = 1. Noticing that ξΘn,a(x) = 0 when
Θ ∈ Pm,1, the summation in the right hand side of (3.25) can start from k = 1. For D ⊆ {1, · · · ,m} and
a ∈ An,m, set
a(D) = (ali)
|D|
i=1 ∈ An,|D|, (3.26)
where |D| is the cardinal number of D and (li) is the unique increasing map from {1, · · · , |D|} to D. Set
for every a ∈ An,m and every k ∈ {1, · · · ,m}
K(k)n,a(x) =
∑
Θ∈Pm,k
k∏
l=1
K
(1)
n,a(Θl)
(x). (3.27)
Notice that the definition above is consistent with (3.25) when k = 1. In what below we make convention
that k! = 1 when k = −1, 0.
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Lemma 3.9. Let u, v be positive measurable function on Rn and suppose that u = e−U is smooth. Assume
that u ∗ v is a well defined function and set function U˜ by u ∗ v = e−U˜ . Let γx be the probability measure
specified by (3.23). Let be m0 be a positive integer, a ∈ An,m and assume that all the integrands below with
respect to dx are controlled by some integrable function for all x ∈ Rn. Then for every m = 1, · · · ,m0 and
every x ∈ Rn
∂aU˜(x) =
∫ ( m∏
i=1
∂ai
)
U(x− y)dγx(y) +
m∑
k=1
(k − 1)!K(k)n,a(x), (3.28)
where K
(k)
n,a is defined by (3.27).
Proof Direct calculation shows that (3.28) holds for m = 1. Applying the method of finite induction, next
we assume that (3.28) holds for some 1 ≤ m ≤ m0−1 and prove it holds also form+1. Let a ∈ An,m+1 and
write a = (a, am+1) with a ∈ An,m. For every k ≥ 1, Θ = (Θ1, · · · ,Θm) ∈ Pm,k and every i ∈ {1, · · · ,m},
denote by Θ(i;m+ 1) the partition in Pm,k which is equal to Θ with Θi replaced by Θi ∪ {m+ 1}; denote
by Θ({m+1}) the partition in Pm,k+1 which is equal to Θ with Θm+1 := {m+1} added ; denote by Θ(i;−)
the partition in Pm,k−1 which is equal to Θ with Θi removed. Here we assume that Pm,0 is an empty set.
For every x ∈ Rn, we have by induction assumption
∂aU˜(x) =
m∑
k=0
(k − 1)!∂am+1K(k)n,a(x), (3.29)
where
K(0)n,a(x) :=
∫ ( m∏
i=1
∂ai
)
U(x− y)dγx(y).
When 1 ≤ i ≤ n, by (3.20) we have for every x ∈ Rn
∂xiγx(dy) = −
(
∂iU(x− y)−
∫
∂iU(x− y)dγx(y)
)
dγx(y), ∀y ∈ Rn. (3.30)
For every k ≥ 1, b ∈ An,k, D ⊆ {1, · · · , k} and every x, y ∈ Rn, we have by (3.30)
∂xiξn,b,D(x, y)
=ξn,(b,i),D∪{k+1}(x, y) +
∫
ξn,b,D(x, y)
(
∂iU(x− y)−
∫
∂iU(x− y)γx(y)
)
dγx(y). (3.31)
By (3.20) , definition (3.24) and (3.30), we have for every x ∈ Rn
∂am+1K
(0)
n,a(x) =K
(0)
n,a(x) − ξ{Sm,{m+1}}n,a (x) := K(0)n,a(x)− J0(a, x),
where Sm = {1, · · · ,m} and {Sm, {m+1}} is the partition in Pm+1,2 containing two sets Sm and {m+1}.
The equality above and (3.29) show that
∂aU˜(x) −K(0)n,a(x) =
m∑
k=1
(k − 1)!∂am+1K(k)n,a(x)− J0(a, x). (3.32)
Let x ∈ Rn. We have by (3.30) and (3.31)
∂am+1K
(1)
n,a(x) =∂am+1
m∑
k=2
(−1)k+1
∑
Θ∈Pm,k
∫ k∏
l=1
ξn,a,Θl(x, y)γx(dy)
=
m∑
k=2
(−1)k+1
∑
Θ∈Pm,k
∫ k∏
l=1
ξn,a,Θl(x, y)∂xam+1γx(dy)
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+m∑
k=2
(−1)k+1
∑
Θ∈Pm,k
k∑
i=1
∫ (
∂xam+1 ξn,a,Θi(x, y)
)( k∏
l=1,l 6=i
ξn,a,Θl(x, y)
)
dγx(y)
=
m∑
k=2
(−1)k+2
∑
Θ∈Pm,k
ξ
Θ({m+1})
n,a (x) +
m∑
k=2
(−1)k+1
∑
Θ∈Pm,k
k∑
i=1
ξ
Θ(i;m+1)
n,a (x)
+
m∑
k=2
(−1)k+1
∑
Θ∈Pm,k
k∑
i=1
ξ
Θ(i;−)
n,a (x)ξ
{Θi,{m+1}}
n,a (x)
:=J1,1(a, x) + J1,2(a, x) + J1(a, x). (3.33)
Noticing that for every k ≥ 2
Pm+1,k ={Θ(i;m+ 1) : 1 ≤ i ≤ k; Θ ∈ Pm,k} ∪ {Θ({m+ 1}) : Θ ∈ Pm,k−1},
we have by (3.33)
∂am+1K
(1)
n,a(x) = K
(1)
n,a(x) + J0(a, x) + J1(a, x).
This and (3.32) imply
∂aU˜(x)−
∑
k=0,1
K
(k)
n,a(x) =
m∑
k=2
(k − 1)!∂am+1K(k)n,a(x) + J1(a, x).
By the method of finite induction, we can verify for 1 ≤ j ≤ m− 1
∂aU˜(x) −
j∑
k=0
(k − 1)!K(k)n,a(x) =
m∑
k=j+1
(k − 1)!∂am+1K(k)n,a(x) + j!Jj(a, x), (3.34)
where
Jj(a, x) =
∑
Θ∈Pm,j
j∑
l′=1
j∏
l=1,l 6=l′
K
(1)
n,a(Θl)
(x)J1(a(Θl′ ∪ {m+ 1}), x).
where a(·) is defined by (3.26). The appearance of j! is due to that there are j ways to get a partition in
An,j from a partition Θ in An,j+1 by combining a given element of Θ with one of the others. Noticing that
K
(m+1)
n,a (x) = K
(m)
n,a (x) = K
(m)
n,a (x) = 0, we get the conclusion by (3.34).
Applying Lemma 3.9, we get the following result which can also be checked directly.
Corollary 3.10. Let u, v be positive measurable function on Rn and suppose that u = e−U is smooth.
Assume that u ∗ v is a well defined function and set function U˜ by u ∗ v = e−U˜ . Let 1 ≤ i, j, k ≤ n and let
γx be the probability measure given by (3.23). Then we have for every x ∈ Rn
∂i∂jU˜(x) = J1(x) − J2(x), (3.35)
where
J1(x) =
∫
∂i∂jU(x− y)dγx(y),
J2(x) =
∫ (
∂iU(x− y)−
∫
∂iU(x− y)dγx(y)
)(
∂jU(x− y)−
∫
∂jU(x− y)dγx(y)
)
dγx(y),
Moreover, for every x ∈ Rn
∂i∂j∂kU˜(x) =M1(x)−M2,1(x)−M2,2(x)−M2,3(x) +M3(x), (3.36)
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where
M1(x) =
∫
∂i∂j∂kU(x− y)dγx(y),
M2,1(x) =
∫ (
∂i∂jU(x− y)−
∫
∂i∂jU(x− y)dγx(y)
)(
∂kU(x− y)−
∫
∂kU(x− y)dγx(y)
)
dγx(y),
M2,2(x) =
∫ (
∂i∂kU(x− y)−
∫
∂i∂kU(x− y)dγx(y)
)(
∂jU(x− y)−
∫
∂jU(x− y)dγx(y)
)
dγx(y),
M2,3(x) =
∫ (
∂j∂kU(x− y)−
∫
∂j∂kU(x− y)dγx(y)
)(
∂iU(x− y)−
∫
∂iU(x− y)dγx(y)
)
dγx(y),
M3(x) =
∫ [(
∂iU(x− y)−
∫
∂iU(x− y)dγx(y)
)(
∂jU(x− y)−
∫
∂jU(x− y)dγx(y)
)
· (∂kU(x− y)−
∫
∂kU(x− y)dγx(y)
)]
dγx(y).
Here we assume that all the integrands above with respect to dx are controlled by some integrable function
for all x ∈ Rn.
For every u = e−U ∈ CFn and every t ≥ 0, define functions ut and Ut by
ut = Ptu; Ut = − lnut. (3.37)
By Lemma 3.1, Ut is a convex function.
Lemma 3.11. Let u = e−U ∈ CFn. Then for every x ∈ Rn every t > 0
0 ≤ ∇2Ut(x) ≤2(1 ∧ t)−1e−tIn. (3.38)
If further assuming that U is twice differentiable and ∇2U ≤ CIn on Rn for some constant C > 0, then
for every t ≥ 0 and every x ∈ Rn
0 ≤ ∇2Ut(x) ≤e−tCIn. (3.39)
Proof The first inequality of (3.38) and the first inequality of (3.39) follow by Lemma 3.1. Let t > 0, 1 ≤
i ≤ n and x ∈ Rn. Let σx be the probability measure on Rn defined by
dσx(y) =
u(y)
(2pi(1 − e−t))n/2Ptu(x) exp{−
|y − e−t/2x|2
2(1− e−t) }dy.
By the definition of Ut, (1.9) and applying (3.35), we have
∂2i Ut(x) =
e−t
1− e−t −
e−t
(1− e−t)2
∫ (
yi − e−t/2xi −
∫
(yi − e−t/2xi)dσx(y)
)2
dσx(y)
≤2(1 ∧ t)−1e−t.
Since the estimate above holds under any coordinate system (Q(ei))1≤i≤n when Q is an orthogonal trans-
formation of Rn, the estimate above implies the second inequality of (3.38).
Let σ˜x be the probability measure on R
n defined by
dσ˜x(y) =
u(e−t/2x+ (1− e−t)1/2y)
(2pi)n/2Ptu(x)
exp{−|y|
2
2
}dy.
Applying (3.19) and (3.35), we have
∂2i Ut(x) =e
−t
∫
∂2i U(e
−t/2x+ (1 − e−t)1/2y)dσ˜x(y)
−e−t
∫ (
∂iU(e
−t/2x+ (1− e−t)1/2y)−
∫
∂2i U(e
−t/2x+ (1− e−t)1/2y)dσ˜x(y)
)2
dσ˜x(y)
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≤Ce−t,
which gives the second inequality of (3.39).
Let u = e−U ∈ CFn, t, s ≥ 0 and x ∈ Rn. Define Borel measure νu,t,s,x on Rn by
dνu,t,s,x(y) =ut+s(x)
−1ut(e−s/2x+ (1 − e−s)1/2y)dµn(y), (3.40)
where ut is defined by (3.37). In what below νu,t,s,x is also written in short as νx when it makes no
confusion. By definition (3.37) and the semigroup property of (Pt),
νx(R
n) =ut+s(x)
−1
∫
ut(e
−s/2x+ (1− e−s)1/2y)dµn(y)
=ut+s(x)
−1Psut(x)
=1,
which shows that νx is a probability measure. Define function Ut,s,x on R
n by
dνx(y) = exp{−Ut,s,x(y)}dy.
From (3.37) and (3.40), we have
Ut,s,x(y) = −Ut+s(x) + Ut(e−s/2x+ (1 − e−s)1/2y) + |y|
2
2
, ∀ y ∈ Rn. (3.41)
For every t, s ≥ 0 and every x ∈ Rn, by (3.41) and the convexity of Ut, there exists an unique element
x∗ = x∗(t, s, x) ∈ Rn such that
Ut,s,x(x
∗) = inf
y∈Rn
Ut,s,x(y). (3.42)
Lemma 3.12. Let u = e−U ∈ CFn be a smooth function such that ∇2U ≤ CIn on Rn for some constant
C > 0. Let t, s ≥ 0, x ∈ Rn and define x∗ ∈ Rn by (3.42). Then for every n ≥ N2∫
|y − x∗|kdνx(y) ≤((3 + C)n)k/2, for k = 2, 3. (3.43)
When further assuming that Csn ≤ 1, we have∫
|yi − x∗i |2dνx(y) ≤2, for i = 1, · · · , n, (3.44)
and
∫
|y − x∗|4dνx(y) ≤6n2. (3.45)
Proof We have by (3.41), (3.42) and the assumption ∇2U ≤ CIn on Rn
Ut,s,x(x
∗) +
1
2
|y − x∗|2 ≤ Ut,s,x(y) ≤ Ut,s,x(x∗) + 1 + (1− e
−s)C
2
|y − x∗|2, ∀ y ∈ Rn. (3.46)
Applying the second inequality of (3.46) and
∫
exp{−Ut,s,x(y)}dy = νx(Rn) = 1, we have
e−Ut,s,x(x
∗) ≤
(∫
exp{−1 + (1− e
−s)C
2
|y − x∗|2}dy
)−1
=(2pi)−n/2(1 + (1− e−s)C)n/2. (3.47)
By the first inequality of (3.46) and (3.47),∫
|y−x∗|>
√
(2+C)n
|y − x∗|2dνx(y)
18
≤e−Ut,s,x(x∗)
∫
|y−x∗|>
√
(2+C)n
|y − x∗|2 exp{−|y − x
∗|2
2
}dy
≤(1 + C)n/2
∫
|y|>
√
(2+C)n
|y|2dµn(y).
By Lemma 3.7 and the estimate above, we have for every n ≥ N2∫
|y−x∗|>
√
(2+C)n
|y − x∗|2dνx(y) ≤ (1 + C)n/2e−(2+C)n/6 ≤ 1.
Therefore, for every n ≥ N2∫
|y − x∗|2dνx(y) ≤
∫
|y−x∗|≤
√
(2+C)n
|y − x∗|2dνx(y) + 1 ≤ (3 + C)n,
which gives (3.43) for k = 2. With the same calculation as above, (3.43) holds also for k = 3.
Next we assume that Csn ≤ 1. Let 1 ≤ i ≤ n. We have
(1 + r)n/2 ≤ enr/2 ≤ 1 + nr, if r ∈ (0, 1
n
]. (3.48)
By (3.46)-(3.48) and the assumption Csn ≤ 1,∫
|yi − x∗i |2dνx(y) ≤e−Ut,s,x(x
∗)
∫
|yi − x∗i |2 exp{−
1
2
|y − x∗|2}dy
≤(1 + Cs)n/2
∫
|yi|2dµn(y)
≤1 + Cns
≤2,
which gives (3.44). Similarly, applying the second equality of (3.12) we have∫
|y − x∗|4dνx(y) ≤(1 + Cs)n/2
∫
|y|4dµn(y) ≤ 2(n2 + 2n),
which gives (3.45).
Let u = e−U ∈ CFn. In what below, we say that u satisfies condition L(C1, C2) for some constants
0 ≤ C1 < C2 if U is a smooth function and
C1In ≤ ∇2U(x) ≤C2In, ∀ x ∈ Rn. (3.49)
For 0 ≤ C1 < C2 and C3 > 0, we say that u satisfies condition L(C1, C2, C3) if u satisfies condition
L(C1, C2) and
|∂i∂j∂kU(x)| ≤C3, ∀ x ∈ Rn, ∀i, j, k ∈ {1, · · · , n}. (3.50)
Lemma 3.13. Let u = e−U ∈ CFn satisfying condition L(C1, C2, C3) for some constants 0 ≤ C1 < C2
and C3 > 0. Let 1 ≤ i, j, k ≤ n, x ∈ Rn and t ≥ 0. Then for every n ≥ N2
|∂i∂j∂kUt(x)| ≤C4e−3t/2n3/2, (3.51)
where Ut is defined by (3.37) and C4 = C3 + C
2
2 (6 + 8C2)(3 + C2)
3/2.
Proof Let 1 ≤ i, j, k ≤ n, x ∈ Rn and t ≥ 0. Noticing that (3.51) holds for t = 0, we assume that t > 0 in
what below. Let λx be the measure defined by νu,0,t,x in (3.40). More explicitly,
dλx(y) =ut(x)
−1u(e−t/2x+ (1− e−t)1/2y)dµn(y).
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Define x∗ ∈ Rn by (3.42) corresponding to νx = νu,0,t,x. Write for every y ∈ Rn
y = e−t/2x+ (1− e−t)1/2y. (3.52)
Applying Corollary 3.10, we have
∂i∂j∂kUt(x) = e
−3t/2(M1(x)−M2,1(x)−M2,2(x)−M2,3(x) +M3(x)), (3.53)
where
M1(x) =
∫
∂i∂j∂kU(y)dλx(y),
M2,1(x) =
∫ (
∂i∂jU(y)−
∫
∂i∂jU(y)dλx(y)
)(
∂kU(y)−
∫
∂kU(y)dλx(y)
)
dλx(y),
M2,2(x) =
∫ (
∂i∂kU(y)−
∫
∂i∂kU(y)dλx(y)
)(
∂jU(y)−
∫
∂jU(y)dλx(y)
)
dλx(y),
M2,3(x) =
∫ (
∂j∂kU(y)−
∫
∂j∂kU(y)dλx(y)
)(
∂iU(y)−
∫
∂iU(y)dλx(y)
)
dλx(y),
M3(x) =
∫ ∏
l=i,j,k
(
∂lU(y)−
∫
∂lU(y)dλx(y)
)
dλx(y).
We always assume that n ≥ N2 in what below. By (3.50),
|M1(x)| = |
∫
∂i∂j∂kU(y)dλx(y)| ≤ C3. (3.54)
By the second inequality of (3.49), we have
∑n
j=1(∂j∂mU)
2 ≤ C22 on Rn. Then, applying (3.43), (3.52),
mean value theorem and Cauchy-Schwartz inequality, we get for every m ∈ {1, · · · , n}
( ∫ (
∂mU(y)− ∂mU(e−t/2x+ (1− e−t)1/2x∗)
)2
dλx(y)
)1/2
≤(1− e−t)1/2( ∫ | n∑
j=1
∂j∂mU(ξ)(yj − x∗j )|2dλx(y)
)1/2
≤( ∫ |y − x∗|2 n∑
j=1
∂j∂mU(ξ)
2dλx(y)
)1/2
≤C2
( ∫ |y − x∗|2dλx(y))1/2
≤C2(3 + C2)1/2
√
n, (3.55)
where ξ = e−t/2x + (1 − e−t)1/2(x∗ + t′(y − x∗)) for some t′ ∈ [0, 1] depending on x and y. By (3.22) and
(3.55),
max
1≤m≤n
∫ ∣∣∂mU(y)−
∫
∂mU(y)dλx(y)
∣∣dλx(y)
≤ max
1≤m≤n
( ∫ (
∂mU(y)−
∫
∂mU(y)dλx(y)
)2
dλx(y)
)1/2
≤ max
1≤m≤n
( ∫ (
∂mU(y)− ∂mU(e−t/2x+ (1 − e−t)1/2x∗)
)2
dλx(y)
)1/2
≤C2(3 + C2)1/2
√
n.
For l = 1, 2, 3, we have by the second inequality of (3.49) and the estimate above
|M2,l(x)| ≤ 2C2 max
1≤m≤n
∫ ∣∣∂mU(y)−
∫
∂mU(y)λx(y)
∣∣dλx(y) ≤2C22 (3 + C2)1/2√n. (3.56)
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By the second inequality of (3.49), the mean value theorem and (3.43), we have
max
1≤m≤n
∫ ∣∣∂mU(y)− ∂mU(e−t/2x+ (1− e−t)1/2x∗)∣∣3dλx(y)
≤C32
∫
|y − x∗|3dλx(y)
≤C32 (3 + C2)3/2n3/2. (3.57)
By (3.55) and Cauchy-Schwartz inequality,
max
1≤m≤n
∣∣∂mU(e−t/2x+ (1 − e−t)1/2x∗)−
∫
∂mU(y)dλx(y)
∣∣ ≤ C2(3 + C2)1/2√n. (3.58)
Applying (3.57), (3.58), Ho¨lder inequality and inequality (a+ b)3 ≤ 4(a3 + b3) for a, b ≥ 0, we have
|M3(x)| ≤ max
1≤m≤n
∫ ∣∣∂mU(y)−
∫
∂mU(y)λx(y)
∣∣3dλx(y)
≤4 max
1≤m≤n
∫ ∣∣∂mU(y)− ∂mU(e−t/2x+ (1− e−t)1/2x∗)∣∣3dλx(y)
+4 max
1≤m≤n
∣∣∂mU(e−t/2x+ (1 − e−t)1/2x∗)−
∫
∂mU(y)λx(y)
∣∣3
≤8C32 (3 + C2)3/2n3/2. (3.59)
Applying (3.53), (3.54), (3.56), (3.59) and C2 ≥ 1, we get
|∂i∂j∂kUt(x)| ≤ e−3t/2(C3 + C22 (6 + 8C2)(3 + C2)3/2n3/2),
which implies the conclusion.
Lemma 3.14. Let u = e−U ∈ CFn satisfying condition L(C1, C2, C3) for some constants 0 ≤ C1 < C2
and C3 > 0. Let 1 ≤ i, j ≤ n, x ∈ Rn and t, s ≥ 0. Then we have for every n ≥ N2
|∂i∂jUt+s(x)− ∂i∂jUt(e−s/2x+ (1− e−s)1/2x∗)|
≤C5s1/2e−tn5/2, (3.60)
where Ut is defined by (3.37), x
∗ is defined by (3.42) and C5 = C2 + C22 (3 + C2) + (3 + C2)
1/2C4 with C4
specified in Lemma 3.13.
Proof Let 1 ≤ i, j ≤ n, x ∈ Rn and t, s ≥ 0. Noticing that the left hand side of (3.60) is zero when s = 0,
we assume that s > 0 in what below. Define νx = νu,t,s,x by (3.40). Applying (3.35), we have
∂i∂jUt+s(x) = e
−sJ1(x)− e−sJ2(x), (3.61)
where
J1(x) =
∫
∂i∂jUt(e
−s/2x+ (1 − e−s)1/2y)dνx(y),
J2(x) =
∫ (
∂iUt(e
−s/2x+ (1 − e−s)1/2y)− J3(x)
)(
∂jUt(e
−s/2x+ (1− e−s)1/2y)− J4(x)
)
dνx(y),
J3(x) =
∫
∂iUt(e
−s/2x+ (1 − e−s)1/2y)dνx(y), J4(x) =
∫
∂jUt(e
−s/2x+ (1− e−s)1/2y)dνx(y).
We always assume that n ≥ N2 in what below. Applying mean value theorem,
|J1(x)− ∂i∂jUt(e−s/2x+ (1 − e−s)1/2x∗)|
=
∣∣ ∫ (∂i∂jUt(e−s/2x+ (1− e−s)1/2y)− ∂i∂jUt(e−s/2x+ (1 − e−s)1/2x∗))dνx(y)∣∣
21
≤(1 − e−s)1/2
∫ ∣∣ n∑
k=1
∂k∂i∂jUt(ξ)(yk − x∗k)
∣∣dνx(y),
where ξ = e−s/2x + (1 − e−s)1/2(x∗ + t′(y − x∗)) for some t′ ∈ [0, 1] depending on x and y. By (3.43),
(3.51), Cauchy-Schwartz inequality together with the estimate above,
|J1(x) − ∂i∂jUt(e−s/2x+ (1− e−s)1/2x∗)| ≤C4s1/2e−3t/2n3/2
n∑
k=1
∫
|yk − x∗k|dνx(y)
≤C4s1/2e−3t/2n2
∫
|y − x∗|dνx(y)
≤(3 + C2)1/2C4s1/2e−3t/2n5/2. (3.62)
By mean value theorem, Cauchy-Schwartz inequality, (3.39) and (3.43), we also have
J5(x) := max
1≤l≤n
∫ (
∂lUt(e
−s/2x+ (1− e−s)1/2y)− ∂lUt(e−s/2x+ (1− e−s)1/2x∗)
)2
dνx(y)
≤(1− e−s)
∫
|
n∑
k=1
∂k∂lUt(ξ
′)(yk − x∗k)|2dνx(y)
≤C22se−2t
∫
|y − x∗|2dνx(y)
≤(3 + C2)C22se−2tn,
where ξ′ = e−s/2x + (1 − e−s)1/2(x∗ + t′′(y − x∗)) for some t′′ ∈ [0, 1] depending on x and y. Applying
Cauchy-Schwartz inequality, the two estimates above and (3.22), we get
|J2(x)| ≤
(∫ (
∂iUt(e
−s/2x+ (1− e−s)1/2y)− J3(x)
)2
dνx(y)
)1/2
·
(∫ (
∂jUt(e
−s/2x+ (1 − e−s)1/2y)− J4(x)
)2
dνx(y)
)1/2
≤J5(x)
≤(3 + C2)C22se−2tn. (3.63)
Combing (3.61), (3.62) and (3.63), we obtain
|∂i∂jUt+s(x) − e−s∂i∂jUt(e−s/2x+ (1− e−s)1/2x∗)|
≤e−s|J1(x) − ∂i∂jUt(e−s/2x+ (1− e−s)1/2x∗)|+ e−s|J2(x)|
≤(3 + C2)1/2C4s1/2e−3t/2n5/2 + (3 + C2)C22se−2tn,
which further gives together with the second inequality of (3.39)
|∂i∂jUt+s(x)− ∂i∂jUt(e−s/2x+ (1− e−s)1/2x∗)|
≤(3 + C2)1/2C4s1/2e−3t/2n5/2 + C22 (3 + C2)se−2tn+ (1− e−s)C2e−t
≤(C2 + (3 + C2)C22 + (3 + C2)1/2C4)s1/2e−tn5/2,
which gives the conclusion.
Lemma 3.15. Let u = e−U ∈ CFn satisfying condition L(C1, C2, C3) for some constants 0 ≤ C1 < C2
and C3 > 0. Set for every t ≥ 0
Λt = e
t · inf{ inf
e∈Sn−1
〈e · ∇2Ut(y), e〉 : y ∈ Rn}, (3.64)
Suppose that Λ0 ≥ c > Λt1 for some constants c, t1 > 0. Set t0 = sup{0 ≤ t ≤ t1 : Λt ≥ c}. Then for every
n ≥ N2 we have Λt0 = c.
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Proof Let n ≥ N2. Applying Lemma 3.14, we have for every t ≥ 0 and every s0 > 0
inf
s∈(0,s0)
(Λt+s − Λt) ≥ −C5s1/20 n5/2. (3.65)
By assumption Λ0 ≥ c > Λt1 , the definition of t0 and (3.65), we have Λt0 ≥ c. Suppose that Λt0 > c,
applying (3.65), we have Λt0+ε > c when ε is small enough, which contradicts the definition of t0. Therefore,
Λt0 = c holds.
Remark 3.16. The function Λt above is in fact continuous. To this end, by (3.65), it is sufficient to verify
that limt↓t0 Λt ≤ Λt0 for every t0 ≥ 0. This can be done by applying (3.61) for i = j and Lemma 3.13.
Proposition 3.17. Let u = e−U ∈ CFn satisfying condition L(C1, C2, C3) for some constants 0 < C1 < C2
and C3 > 0. Then for every t ≥ 0 and every x ∈ Rn
∇2Ut(x) ≥ C6e−tIn, (3.66)
where C6 = min(e
−3C1, 2−6e−3) and Ut is defined by (3.37).
Proof We assume that n ≥ N2 in what below. Otherwise, we can consider the function uk(x) := e−Uk(x)
on Rkn for some k with kn ≥ N2, where Uk(x) =
∑k
i=1 U(x
(i)) with x = (x(1), · · · , x(k)), x(l) ∈ Rn for
1 ≤ l ≤ k. Without loss of generality we also assume that C2 ≥ 1. This implies C4, C5 ≥ 1 by their
definitions.
Define Λt for every t ≥ 0 by (3.64). To prove the lemma, we claim that it is sufficient to verify the
following conclusion: for every t ≥ 0 and every s ∈ (0, 10−3(C24 + C25 )−2n−14C46 ]
Λt+s ≥ Λt(1 − se−t), if C6 ≤ Λt ≤ e3C6. (3.67)
Assume that Λt1 < e
3C6 for some t1 ≥ 0. To verify the claim above, in what below we only need to show
that Λt1 ≥ C6 under the assumption (3.67).
From the definition of C6 and the assumption of U , we have Λ0 ≥ e3C6. Define t0 = sup{0 ≤ t ≤ t1 :
Λt ≥ e3C6}. Then, by Λ0 ≥ e3C6, Λt1 < e3C6 and Lemma 3.15, we have
0 ≤ t0 < t1, Λt0 = e3C6. (3.68)
Choose integer k′ ≥ 1 and s′ ∈ (0, 10−3(C24 + C25 )−2n−14C46 ] such that t0 + k′s′ = t1. Notice that we have
s′ ≤ 10−3 by C4 ≥ 1 and C6 ≤ 1. Then, applying the method of finite induction, we have by (3.67) and
(3.68)
Λt1 = Λt0+k′s′ ≥Λt0
k′∏
j=1
(1− s′e−(t0+(j−1)s′))
≥e3C6 exp{−2s′
k′∑
j=1
e−(t0+(j−1)s
′)}
≥e3C6 exp{−2es′
∫ ∞
0
e−(t0+r)dr}
≥C6,
where we use ln(1 − c) ≥ −2c for every c ∈ (0, 1/2) in the second inequality above. Therefore, the lemma
holds if we can verify (3.67).
To prove (3.67), in what below we assume that t ≥ 0 and
s ∈(0, 10−3(C24 + C25 )−2n−14C46 ]; (3.69)
C6 ≤ Λt ≤ e3C6. (3.70)
Recall that νx is defined by νu,t,s,x in (3.40). Fix an arbitrary element x ∈ Rn and define x∗ ∈ Rn by
(3.42). Choose a coordinate system such that ∇2Ut+s(x) is a diagonal matrix. Let 1 ≤ i ≤ n. To prove
(3.67), it is sufficient to show that
∂2i Ut+s(x) ≥ e−(t+s)Λt(1 − e−ts). (3.71)
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By definition (3.64) and the first inequality of (3.70),
∂2i Ut(e
−s/2x+ (1− e−s)1/2x∗) ≥ C6e−t. (3.72)
From the assumption that ∇2Ut+s(x) is diagonal, we have
∂j∂kUt+s(x) = 0, for 1 ≤ j < k ≤ n.
If 1 ≤ j < k ≤ n, by (3.60) and the equality above, we obtain
|∂j∂kUt(e−s/2x+ (1 − e−s)1/2x∗)| ≤ C5s1/2e−tn5/2. (3.73)
Applying (3.35), we have
∂2i Ut+s(x) =e
−sL1(x)− e−sL2(x), (3.74)
where
L1(x) =
∫
∂2i Ut(e
−s/2x+ (1 − e−s)1/2y)dνx(y),
L2(x) =
∫ (
∂iUt(e
−s/2x+ (1− e−s)1/2y)− L3(x)
)2
dνx(y),
L3(x) =
∫
∂iUt(e
−s/2x+ (1− e−s)1/2y)dνx(y).
Since νx is a probability measure, with assumption (3.69) we have by (3.44), (3.51), mean value theorem
and Cauchy-Schwartz inequality∣∣L1(x)− ∂2i Ut(e−s/2x+ (1 − e−s)1/2x∗)∣∣
=
∣∣ ∫ (∂2i Ut(e−s/2x+ (1− e−s)1/2y)− ∂2i Ut(e−s/2x+ (1− e−s)1/2x∗))dνx(y)∣∣
≤C4(1− e−s)1/2e−3t/2n3/2
( ∫ n∑
k=1
|yk − x∗k|dνx(y)
)
≤C4s1/2e−3t/2n2
∫
|y − x∗|dνx(y)
≤
√
2s1/2C4e
−tn5/2
≤2−1C6e−t.
The estimate above and (3.72) give
L1(x) ≥ 1
2
∂2i Ut(e
−s/2x+ (1− e−s)1/2x∗). (3.75)
By (3.39) and the definitions of Λt and L1(x), we also have
e−tΛt ≤ L1(x) ≤ C2e−t. (3.76)
Applying Talor formula and (3.51), we have for every y ∈ Rn
∣∣∂iUt(e−s/2x+ (1− e−s)1/2y)− ∂iUt(e−s/2x+ (1− e−s)1/2x∗)
−(1− e−s)1/2
n∑
j=1
∂i∂jUt(e
−s/2x+ (1 − e−s)1/2x∗)(yj − x∗j )
∣∣
=
1
2
(1 − e−s)|
n∑
j=1
n∑
k=1
∂i∂j∂kUt(ξ)(yj − x∗j )(yk − x∗k)|
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≤C4se−3t/2n5/2|y − x∗|2. (3.77)
where ξ = e−s/2x+(1− e−s)1/2(x∗+ t′(y−x∗)) for some t′ ∈ [0, 1] depending on x and y. Applying (3.45),
(3.77) together with the inequality (a+ b)2 ≤ 2(a2 + b2) for every a, b ∈ R
L4(x) :=
∫ (
∂iUt(e
−s/2x+ (1− e−s)1/2y)− ∂iUt(e−s/2x+ (1− e−s)1/2x∗)
)2
dνx(y)
≤2
∫ (
(1 − e−s)1/2
n∑
j=1
∂i∂jUt(e
−s/2x+ (1− e−s)1/2x∗)(yj − x∗j )
)2
dνx(y)
+2
∫ (
∂iUt(e
−s/2x+ (1− e−s)1/2y)− ∂iUt(e−s/2x+ (1− e−s)1/2x∗)
− (1 − e−s)1/2
n∑
j=1
∂i∂jUt(e
−s/2x+ (1− e−s)1/2x∗)(yj − x∗j )
)2
dνx(y)
≤2(1− e−s)
n∑
j=1
n∑
k=1
ai,jai,k
∫
(yj − x∗j )(yk − x∗k)dνx(y) + 2C24s2e−3tn5
∫
|y − x∗|4dνx(y)
≤2s
n∑
j=1
n∑
k=1
|ai,jai,k|
( ∫
(yj − x∗j )2dνx(y)
)1/2( ∫
(yk − x∗k)2dνx(y)
)1/2
+ 12C24s
2e−3tn7,
where
ai,j = ∂i∂jUa,t(e
−s/2x+ (1− e−s)1/2x∗), for 1 ≤ j ≤ n.
Applying (3.39), (3.73) and C2 ≤ C5 to the estimate above, we further get
L4(x) ≤4s
n∑
j=1
n∑
k=1
|ai,jai,k|+ 12C24s2e−3tn7
=4sa2i,i + 8s
n∑
j=1,j 6=i
|ai,iai,j |+ 4s
n∑
j=1,j 6=i
n∑
k=1,k 6=i
|ai,jai,k|+ 12C24s2e−3tn7
≤4sa2i,i + 8s(n− 1)C2e−t · C5s1/2n5/2e−t + 4s(n− 1)2(C5s1/2e−tn5/2)2 + 12C24s2e−3tn7
≤4sa2i,i + 12(C24 + C25 )s3/2e−2tn7.
The estimate above and (3.22) give
L2(x) ≤ L4(x) ≤ 4sa2i,i + 12(C24 + C25 )s3/2e−2tn7. (3.78)
Applying (3.74), (3.75) and (3.78), we have by assumption s ∈ (0, 10−3(C24 + C25 )−2n−14C46 ]
∂2i Ut+s(x) ≥e−sL1(x)− e−s(4sa2i,i + 12(C24 + C25 )s3/2e−2tn7)
≥e−s(L1(x) − 24sL1(x)2 − C26se−2t).
By the first inequality of (3.76) and Λt ≥ C6 in (3.70), we have L1(x) ≥ C6e−t . This and the estimate
above further give
∂2i Ut+s(x) ≥e−s(L1(x) − 25sL1(x)2). (3.79)
When L1(x) ≥ 2e3C6e−t, we have by (3.69), the second inequality of (3.76) and (3.79)
∂2i Ut+s(x) ≥ e−s(2e3C6e−t − 25sC22e−2t) > e3C6e−t−s,
which gives (3.71) together with the assumption Λt ≤ e3C6 in (3.70). Next we assume that L1(x) <
2e3C6e
−t. By (3.79) and C6 ≤ 2−6e−3, we have
∂2i Ut+s(x) > e
−sL1(x)(1 − 26e3C6se−t) ≥ e−sL1(x)(1 − e−ts),
which further gives by the first inequality of (3.76)
∂2i Ut+s(x) ≥ e−t−sΛt(1− e−ts).
Combing the two cases above we completes the proof of (3.71).
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3.3 some log-concave functions associated with symmetric convex sets
For A ⊆ Rn, define for every x ∈ Rn
ρA(x) = inf{|x− y| : y ∈ A}. (3.80)
Let α > 0. Define for every A ∈ Cn and every x ∈ Rn
HA,α(x) =
α
2
|x|2 + nρA(x), (3.81)
hA,α(x) = exp{−HA,α(x)}. (3.82)
We see that hA,α ∈ CFn. For every t ≥ 0, define functions hA,α,t and HA,α,t as follows:
hA,α,t = exp{−HA,α,t} = PthA,α. (3.83)
Notice that hA,α,0 = hA,α and HA,α,0 = HA,α from the definitions above. We may prove the result of
Proposition 3.17 under a more natural assumption that u satisfies condition ∇2U ≥ CIn on Rn for some
constant C > 0. Next we only prove this for some special cases which is enough for our purpose.
Lemma 3.18. Let α > 0 and A ∈ Cn. Then for every x ∈ Rn and every t > 0
C(α)e−tIn ≤ ∇2HA,α,t(x) ≤ 2(1 ∧ t)−1e−tIn, (3.84)
where C(α) = min(e−3α, 2−6e−3).
Proof Let β ∈ (0, 1) and define for every y ∈ Rn
H
(β)
A,α(y) = PβHA,α(y).
Set H(y) = 2−1α|y|2 for y ∈ Rn. Let x ∈ Rn. We have by definition
∇2H(β)A,α(x) ≥ ∇2PβH(x) = e−βαIn. (3.85)
Let 1 ≤ i, j, k ≤ n. Notice that ρA is a Lipschitz function and |∇ρA| ≤ 1 almost everywhere. Then, we
have
∂iPβρA(x) = e
−β/2
∫
∂iρA(e
−β/2x+ (1− e−β)1/2y)dµn(y),
which further gives
∂2i PβρA(x) =
e−β
(2pi)n/2(1− e−β)(n+2)/2
∫
(yi − e−β/2xi)∂iρA(y) exp{−|y − e
−β/2x|2
2(1− e−β) }dy
≤ e
−β
(2pi)n/2(1− e−β)(n+2)/2
∫
|yi − e−β/2xi| exp{−|y − e
−β/2x|2
2(1− e−β) }dy
≤(1− e−β)−1/2.
By (3.81), the equality in (3.85) and the estimate above
∂2iH
(β)
A,α(x) ≤n(1− e−β)−1/2 + α := c(n, α, β).
Since PβHA,α is a convex function and the estimate above holds under any coordinate system (Q(ei))1≤i≤n
when Q is an orthogonal transformation of Rn, we get
|∂j∂kH(β)A,α(x)| ≤ c(n, α, β). (3.86)
By the semigroup property of (Pt), we have
∂i∂j∂kH
(β)
A,α(x)
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=∂i∂j∂kPβ/2H
(β/2)
A,α (x)
=
e−β/2
(2pi(1− e−β/2))n/2 ∂i
∫
∂j∂kH
(β/2)
A,α (e
−β/4x+ (1− e−β/2)1/2y) exp{−|y|
2
2
}dy
=
e−3β/4(1− e−β/2)−1
(2pi(1− e−β/2))n/2
∫
(yi − e−β/4xi)∂j∂kH(β/2)A,α (y) exp{−
|y − e−β/4x|2
2(1− e−β/2) }dy,
which implies together with (3.86)
|∂i∂j∂kH(β)A,α(x)|
≤ (1− e
−β/2)−1c(n, α, β/2)
(2pi(1 − e−β/2))n/2
∫
|yi − e−β/4xi| exp{−|y − e
−β/4x|2
2(1− e−β/2) }dy
≤ c(n, α, β/2)
(1− e−β/2)1/2 .
From (3.85), (3.86) and the estimates obtained above, we see that H
(β)
A,α satisfies condition L(C1, C2, C3)
with C1 = e
−βα,C2 = c(n, α, β) and C3 = (1 − e−β/2)−1/2c(n, α, β/2).
Let t > 0 and define H
(β)
A,α,t by exp{−H(β)A,α,t} = Pt exp{−H(β)A,α}. Applying Proposition 3.17, we get
∇2H(β)A,α,t(x) ≥ min(e−3e−βα, 2−6e−3)e−tIn. (3.87)
Applying (3.35), we have
lim
β→0
∂i∂jH
(β)
A,α,t(x) = ∂i∂jHA,α,t(x).
Then, we get the first inequality of (3.84) by taking β → 0 in (3.87). The second inequality of (3.84) follows
by Lemma 3.11.
4 Derivative estimates for time parameter
4.1 second derivative estimates for large time
Denote by Qτ the transpose of a matrix Q. For every function u on Rn and every t ≥ 0, denote
Pt∇u =(Pt∂1u, · · · , Pt∂nu), Pt∇2u = (Pt∂i∂ju)1≤i,j≤n,
∇τu =(∇u)τ , ∇τ (Pt∇u) = (∂i(Pt∂ju))1≤i,j≤n,
provided that the right hand sides above are well defined. By (3.19), for smooth function u with gradient
controlled by some polynomial for instance,
∇Ptu = e−t/2Pt∇u, ∀ t ≥ 0. (4.1)
Lemma 4.1. Let u and v be smooth functions on Rn with bounded second derivatives. Then for every
t ≥ 0
d2
dt2
φt(u, v) = −1
2
d
dt
φt(u, v) +
1
4
∫
trace
(
∇2Pt/2u · ∇2Pt/2v
)
dµn. (4.2)
Proof Applying (1.8), (3.2) and (4.1), we have
d
dt
φt(u, v) =
d
dt
( ∫
Pt/2uPt/2vdµn
)
=− 1
2
∫
〈∇Pt/2u,∇Pt/2v〉dµn
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=− 1
2
e−t/2
∫
〈Pt/2∇u, Pt/2∇v〉dµn,
and hence
d2
dt2
φt(u, v) =− 1
2
d
dt
(
e−t/2
∫
〈Pt/2∇u, Pt/2∇v〉dµn
)
=
1
4
e−t/2
∫
〈Pt/2∇u, Pt/2∇v〉dµn + 1
4
e−t/2
∫
trace
(
∇τ (Pt/2∇u) · ∇τ (Pt/2∇v)
)
dµn
=− 1
2
d
dt
φt(u, v) +
1
4
∫
trace
(
∇2Pt/2u · ∇2Pt/2v
)
dµn,
which gives (4.2).
Lemma 4.2. Let u = e−U be a smooth function of CFn and assume that u satisfies condition L(C1, C2)
for some constants 0 < C1 < C2. Then
C1|x| ≤ |∇U(x)| ≤C2|x|, ∀ x ∈ Rn, (4.3)
〈 ∇U(x)|∇U(x)| ,
x
|x| 〉 ≥
C1
C2
, ∀ x ∈ Rn with x 6= 0. (4.4)
Proof Let x ∈ Rn. We have ∇U(0) = 0 by the symmetric assumption of U . This gives (4.3) when x = 0.
Next we assume x 6= 0 and denote e = x|x| . By ∇U(0) = 0 and the assumption L(C1, C2) of u,
∂eU(x) = 〈∇U(x), e〉 ≥ C1|x|, (4.5)
which implies the first inequality of (4.3). For every e′ ∈ Sn−1, by ∇U(0) = 0 and the assumption L(C1, C2)
of u we also have
∂e′U(x) ≤ C2|x|,
which implies the second inequality of (4.3). Applying (4.5) and the second inequality of (4.3), we get
(4.4).
Lemma 4.3. Let α > 0 and A,B ∈ Cn. Then for every t > 4(2 ln 2− lnC(α))
d2
dt2
φt(hA,α, hB,α) >− 1
2
d
dt
φt(hA,α, hB,α),
where C(α) = min(e−3α, 2−6e−3).
Proof Let t > 0. Recall that hA,α and hA,α,t are defined by (3.82) and (3.83) respectively. We have by
(4.2)
d2
dt2
φt(hA,α, hB,α) =− 1
2
d
dt
φt(hA,α, hB,α) +
1
4
∫
trace
(
∇2hA,α,t/2 · ∇2hB,α,t/2
)
dµn. (4.6)
Recall that HA,α and HA,α,t are defined by (3.81) and (3.83), respectively. Direct calculation shows that
for every x ∈ Rn
trace
(
∇2hA,α,t/2 · ∇2hB,α,t/2
)
(x)
=hA,α,t/2(x)hB,α,t/2(x)
(
K1,t(x) +K2,t(x) −K3,t(x) −K4,t(x)
)
, (4.7)
where
K1,t(x) =trace
(∇2HA,α,t/2 · ∇2HB,α,t/2)(x),
K2,t(x) =trace
((∇τHA,α,t/2 · ∇HA,α,t/2) · (∇τHB,α,t/2 · ∇HB,α,t/2))(x),
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K3,t(x) =trace
(∇2HA,α,t/2 · ∇τHB,α,t/2 · ∇HB,α,t/2)(x),
K4,t(x) =trace
(∇2HB,α,t/2 · ∇τHA,α,t/2 · ∇HA,α,t/2)(x).
Applying (3.2) and Lemma 3.18, we have∫
K1,thA,α,t/2hB,α,t/2dµn ≥C(α)2e−tnφt(hA,α, hB,α). (4.8)
Since the product of two suitable matrixes can be switched under trace operation, we have for every x ∈ Rn
K2,t(x) =trace
((∇τHA,α,t/2 · ∇HA,α,t/2) · (∇τHB,α,t/2 · ∇HB,α,t/2))(x)
=trace
(∇HA,α,t/2 · ∇τHB,α,t/2 · ∇HB,α,t/2 · ∇τHA,α,t/2)(x)
=|〈∇HA,α,t/2(x),∇HB,α,t/2(x)〉|2,
which gives ∫
K2,thA,α,t/2hB,α,t/2dµn ≥ 0. (4.9)
By (3.38) and the second inequality of (4.3), we have for every x ∈ Rn
K3,t(x) =trace
(∇2HA,α,t/2 · ∇τHB,α,t/2 · ∇HB,α,t/2)(x)
=
(∇HB,α,t/2 · ∇2HA,α,t/2 · ∇τHB,α,t/2)(x)
≤8(1 ∧ t
2
)−3e−3t/2|x|2. (4.10)
By (2.1) and (4.10), we have for every t ≥ 2∫
K3,thA,α,t/2hB,α,t/2dµn
≤8(1 ∧ t
2
)−3e−3t/2
∫
|x|2dµn
∫
hA,α,t/2hB,α,t/2dµn
=8e−3t/2nφt(hA,α, hB,α). (4.11)
Similarly, we have for every t ≥ 2∫
K4,thA,α,t/2hB,α,t/2dµn ≤8e−3t/2nφt(hA,α, hB,α). (4.12)
Applying (4.7)-(4.9), (4.11) and (4.12), we have for every t ≥ 2∫
trace
(
∇2hA,α,t/2 · ∇2hB,α,t/2
)
dµn ≥ e−t
(
C(α)2 − 24e−t/2)nφt(hA,α, hB,α).
Since 4(2 ln 2− lnC(α)) > 2, the estimate above shows that for every t > 4(2 ln 2− lnC(α))∫
trace
(
∇2hA,α,t/2 · ∇2hB,α,t/2
)
dµn > 0,
which gives the conclusion with the help of (4.6).
4.2 derivative estimates for moderate time
Let U be a convex function on Rn. Define probability measure ν on Rn as follows:
dν(y) =
( ∫
exp{−U(y)}dµn
)−1
exp{−U(y)}dµn. (4.13)
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For any set A ⊆ Rn and r > 0, denote
A[r] ={x : ρA(x) ≤ r}, ∀r > 0, (4.14)
where ρA is defined by (3.80). Define
Φ(r) = µ1((−∞, r]), ∀r ∈ R. (4.15)
Next we introduce the Poincare´ inequality and the isoperimetric inequality of ν.
The following inequality of ν is a consequence of Theorem 4.1 of [8].
Poincare´ inequality of ν: For every differential function H on Rn such that |∇H | controlled by some
polynomial, ∫ (
H(x)−
∫
H(x)dν
)2
dν ≤
∫
|∇H |2dν. (4.16)
The following inequality of ν is a consequence of Corollary 2.2 in [3]. The formulation below is taken
from Theorem 1.1 in [27].
Isoperimetric inequality of ν: For every measurable set A ⊆ Rn and every a ∈ R, we have
ν(A[r]) ≥ Φ(a+ r), ∀r ≥ 0, (4.17)
provided that ν(A) ≥ Φ(a).
Lemma 4.4. Let ν be the probability measure on Rn defined by (4.13) for some symmetric convex function
U on Rn. Let C > 0 and assume that H is a differentiable function on Rn satisfying |∇H(x)| ≤ C|x| for
every x ∈ Rn. Then ∫ (
H −
∫
Hdν
)2
dν ≤ C2n. (4.18)
Moreover, for every a0 > 0 there exists some integer N4 = N4(a0, C) such that
ν(x : H(x)−
∫
Hdν ≥ an) ≤ exp{−2−7C−2a2n}+ e−n/2, ∀a ≥ a0, ∀n ≥ N4. (4.19)
Proof Since e−U ∈ CFn, we have by (2.1) ∫
|x|2dν ≤ n. (4.20)
Applying the estimate above and the Poincare´ inequality in (4.16), we get∫ (
H −
∫
Hdν
)2
dν ≤
∫
|∇H |2dν ≤C2
∫
|x|2dν ≤ C2n,
which gives the first conclusion.
Let a ≥ a0. To prove the second conclusion, without loss of generality, we assume that
∫
Hdν = 0 in
what below. Set
M =sup{s : ν(x : H(x) ≤ s) ≤ 1/2},
DM ={x : H(x) ≤M}.
By (4.18) and Chebyshev inequality,
ν(x : |H(x)| ≥ 2C√n) ≤ 1/4,
which gives M ≤ 2C√n. Therefore, when n > 24a−2C2 we have
ν(x : H(x) ≥ an) ≤ν(x : H(x)−M ≥ an− 2C√n)
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≤ν(x : H(x)−M ≥ an
2
; |x| ≤ 2√n) + ν(x : |x| > 2√n)
≤ν(x : H(x)−M ≥ an
2
; |x| ≤ 2√n) + µn(x : |x| > 2
√
n). (4.21)
where we use (2.1) in the last step above.
By assumption |∇H(x)| ≤ C|x| on Rn, when r < √n we have
DM [r] ∩Bn(2
√
n) ⊆ {x : H(x)−M ≤ 3C√nr} ∩Bn(2
√
n),
where DM [r] is defined by (4.14). By (4.20) and Chebyshev inequality, we have Bn(
√
n) ∩DM 6= ∅, which
implies that H(x0) ≤M for some x0 ∈ Bn(√n). Therefore, when r ≥ √n, by assumption |∇H(x)| ≤ C|x|
on Rn we have
Bn(2
√
n) ⊆ {x : H(x) −M ≤ 4C√nr}.
The two relations above show that for every r > 0
DM [r] ∩Bn(2
√
n) ⊆ {x : H(x)−M ≤ 4C√nr} ∩Bn(2
√
n),
which implies that
{x : H(x)−M ≥ an
2
; |x| ≤ 2√n} ⊆DM [ a
8C
√
n]c.
Applying (3.13), ν(DM ) = 1/2, the isoperimetric inequality (4.17) and the relation above, we get
ν(x : H(x) −M ≥ an
2
; |x| ≤ 2√n) ≤µ1([ a
8C
√
n,∞))
≤ 8C
a
√
2pin
exp{−2−7C−2a2n}. (4.22)
Applying (3.17), (4.21) and (4.22), we have for every n > N1 ∨ 24a−2C2
ν(x : H(x) ≥ an) ≤ 8C
a
√
2pin
exp{−2−7C−2a2n}+ e−n/2
≤ exp{−2−7C−2a2n}+ e−n/2,
which gives the conclusion.
Next we study some assistant functions with dilation parameter.
Lemma 4.5. Suppose that u = e−U and v = e−V be differentiable functions of CFn with |∇U | + |∇V |
controlled by some polynomial. Let k be a positive integer and r ∈ (0, 1]. Define constantMr and probability
measure νr on R
n by
Mr =
∫
u(rx)v(rx)dµn ,
dνr(x) =M
−1
r u(rx)v(rx)dµn(x). (4.23)
Then
d
dr
∫
H1,r(x)u(rx)v(rx)dµn
=M−1r
(dMr
dr
) ∫
H1,r(x)u(rx)v(rx)dµn + r
−1Mr
∫
(H1,r − a1,r)(H2,r − a2,r)dνr
−kr−(k+1)Mr
∫ 〈∇U(rx),∇V (rx)〉2
1 + r−k〈∇U(rx),∇V (rx)〉2 dνr,
where
H1,r(x) = ln(1 + r
−k〈∇U(rx),∇V (rx)〉2), ∀ x ∈ Rn,
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H2,r(x) =|x|2 − n, ∀ x ∈ Rn,
and
a1,r =
∫
H1,rdνr, a2,r =
∫
H2,rdνr.
Proof Let r ∈ (0, 1]. We have
d
dr
∫
ln(1 + r−k〈∇U(rx),∇V (rx)〉2)u(rx)v(rx)dµn
=
d
dr
( r−n
(2pi)n/2
∫
ln(1 + r−k〈∇U(x),∇V (x)〉2)u(x)v(x) exp{−|x|
2
2r2
}dx
)
=− k r
−n
(2pi)n/2
∫
r−(k+1)〈∇U(x),∇V (x)〉2
1 + r−k〈∇U(x),∇V (x)〉2 u(x)v(x) exp{−
|x|2
2r2
}dx
+
r−(n+1)
(2pi)n/2
∫
(r−2|x|2 − n) ln(1 + r−k〈∇U(x),∇V (x)〉2) exp{−|x|
2
2r2
}u(x)v(x)dx
=− kr−(k+1)
∫ 〈∇U(rx),∇V (rx)〉2
1 + r−k〈∇U(rx),∇V (rx)〉2 u(rx)v(rx)dµn
+r−1
∫
(|x|2 − n) ln(1 + r−k〈∇U(rx),∇V (rx)〉2)u(rx)v(rx)dµn
=r−1Mr
∫
(|x|2 − n) ln(1 + r−k〈∇U(rx),∇V (rx)〉2)dνr
−kr−(k+1)Mr
∫ 〈∇U(rx),∇V (rx)〉2
1 + r−k〈∇U(rx),∇V (rx)〉2 dνr. (4.24)
Similarly,
d
dr
∫
u(rx)v(rx)dµn = r
−1Mr
∫
(|x|2 − n)dνr = r−1Mra2,r. (4.25)
By (3.21) and (4.24),
r−1Mr
∫
(|x|2 − n) ln(1 + r−k〈∇U(rx),∇V (rx)〉2)dνr
=r−1Mra1,ra2,r + r−1Mr
∫
(H1,r − a1,r)(H2,r − a2,r)dνr,
which gives the conclusion with the help of (4.25).
Lemma 4.6. Suppose that u = e−U and v = e−V be twice differentiable functions of CFn. Let C > 0 and
assume that for every x ∈ Rn
∇2U(x) ≤ CIn, ∇2V (x) ≤ CIn. (4.26)
Let ε0, r0 ∈ (0, 1] and ε ∈ [ε0,∞), r ∈ [r0, 1]. Assume that∫
〈∇U(rx),∇V (rx)〉u(rx)v(rx)dµn = −εn
∫
u(rx)v(rx)dµn . (4.27)
Then for every integer k ≥ 28ε−10 C2, there exists some integer N5 = N5(ε0, r0, k, C) such that for every
n ≥ N5
d
dr
∫
ln(1 + r−k〈∇U(rx),∇V (rx)〉2)u(rx)v(rx)dµn
≤M−1r
(dMr
dr
) ∫
ln(1 + r−k〈∇U(rx),∇V (rx)〉2)u(rx)v(rx)dµn .
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Proof Let ε ∈ [ε0,∞), r ∈ [r0, 1] and k ≥ 28ε−10 C2. Define constants a1,r, a2,r, functions H1,r, H2,r and
probability measure νr the same as those in Lemma 4.5. By the second inequality of (4.3) and assumption
(4.26), we have for every x ∈ Rn
|∇U(rx)| ≤ Cr|x|, |∇V (rx)| ≤ Cr|x|.
From the estimate above and assumption (4.26), we have for every x ∈ Rn
|∇H1,r(x)|
≤2r−k|1 + r−k〈∇U(rx),∇V (rx)〉2 |−1|〈∇U(rx),∇V (rx)〉||r∇V (rx) · ∇2U(rx) + r∇U(rx) · ∇2V (rx)|
≤4rCW (x)(|∇V (rx)| + |∇U(rx)|)
≤8r2C2W (x)|x|, (4.28)
where
W (x) =r−k, if |〈∇U(rx),∇V (rx)〉| ≤ 1,
W (x) =(1 + |〈∇U(rx),∇V (rx)〉|)−1, otherwise.
Similarly, we have for every x ∈ Rn
|∇H3,r(x)| ≤ 2r2C2|x|, (4.29)
where
H3,r(x) = 〈∇U(rx),∇V (rx)〉, ∀ x ∈ Rn.
We also have for every x ∈ Rn
|∇H2,r(x)| =2|x|. (4.30)
When n ≥ 2ε−1, applying Poincare´ inequality (4.16), (4.28) and (4.30), we obtain∫
(H1,r − a1,r)2dνr ≤4(2rC)4
∫
W (x)2|x|2dνr
≤4(2rC)4
∫
〈∇U(rx),∇V (rx)〉≤− εn2
|x|2
(1 + |〈∇U(rx),∇V (rx)〉|)2 dνr
+4(2rC)4r−2k
∫
〈∇U(rx),∇V (rx)〉>− εn2
|x|2dνr
≤28ε−2r4C4n−2
∫
|x|2dνr + 4(2rC)4r−2k
∫
〈∇U(rx),∇V (rx)〉>− εn2
|x|2dνr. (4.31)
By Lemma 2.2 and (3.12), ∫
|x|4dνr ≤ n2 + 2n. (4.32)
By (4.19), (4.27), (4.29) and r ∈ (0, 1], we have for every n > N4(2−1ε0, 2C2)
νr(x : 〈∇U(rx),∇V (rx)〉 > −εn
2
)
≤νr(x : 〈∇U(rx),∇V (rx)〉 −
∫
〈∇U(rx),∇V (rx)〉dνr > εn
2
)
≤ exp{−2−11C−4ε2n}+ e−n/2. (4.33)
By Cauchy-Schwartz inequality, (4.32) and (4.33), we have for every n > N4(2
−1ε0, 2C2)∫
〈∇U(rx),∇V (rx)〉>− εn2
|x|2dνr ≤
( ∫ |x|4dνr)1/2νr(x : 〈∇U(rx),∇V (rx)〉 > −εn
2
)1/2
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≤
√
n2 + 2n(exp{−2−12C−4ε2n}+ e−n/4). (4.34)
By (4.31), the first inequality of (4.32) and (4.34), there exists some integer N ′5 = N
′
5(ε0, r0, k, C) such that
for every n ≥ N ′5 ∫
(H1,r − a1,r)2dνr ≤ 29ε−2r4C4n−1.
By (4.18), we also have ∫
(H2,r − a2,r)2dνr ≤ 4n.
Applying Cauchy-Schwartz inequality and the two estimates above, we have for every n ≥ N ′5∫
(H1,r − a1,r)(H2,r − a2,r)dνr ≤
( ∫
(H1,r − a1,r)2dνr
)1/2 ∫ (
H2,r − a2,r)2dνr
)1/2
≤26ε−1r2C2
≤26ε−10 C2.
By (4.33), there exists some integer N ′′5 = N
′′
5 (ε0, C) ≥ 2ε−10 such that for every n ≥ N ′′5
r−k
∫ 〈∇U(rx),∇V (rx)〉2
1 + r−k〈∇U(rx),∇V (rx)〉2 dνr
≥r−k
∫
〈∇U(rx),∇V (rx)〉≤− εn2
〈∇U(rx),∇V (rx)〉2
1 + r−k〈∇U(rx),∇V (rx)〉2 dνr
≥1
2
∫
〈∇U(rx),∇V (rx)〉≤− εn2
dνr
≥1/4.
Then we get the conclusion by the two estimates above and Lemma 4.5.
Corollary 4.7. Suppose that u = e−U and v = e−V be twice differentiable functions of CFn satisfying
condition (4.26) for some constant C > 0. Let ε0, r0 ∈ (0, 1], ε ∈ [ε0,∞), r ∈ [r0, 1] and assume that∫
〈∇U(rx),∇V (rx)〉u(rx)v(rx)dµn = −εn
∫
u(rx)v(rx)dµn . (4.35)
Let k be a positive integer, and let H1,r, νr be the function and the measure defined in Lemma 4.5 respec-
tively. Then there exists some integer N6 = N6(ε0, r0, k, C) such that for every n ≥ N6
ln(1 + r−k(3−1εn)2) <
∫
H1,rdνr < ln(1 + r
−k(2εn)2). (4.36)
Proof Let r ∈ [r0, 1] and ε ∈ [ε0,∞). Applying (4.33) and (4.35), we have for every n ≥ N4(2−1ε0, 2C2)∫
H1,rdνr ≥
∫
〈∇U(rx),∇V (rx)〉≤− εn2
ln(1 + r−k〈∇U(rx),∇V (rx)〉2)dνr
≥(1 − exp{−2−11C−4ε2n} − e−n/2) ln(1 + r−k(2−1εn)2),
which implies the first inequality of (4.36). By (4.29) and ∇U(0) = 0,
|〈∇U(rx),∇V (rx)〉| ≤ (rC|x|)2, ∀x ∈ Rn. (4.37)
Applying (4.29), (4.32), (4.33), (4.35) and (4.37), we get for every n ≥ N4(2−1ε0, 2C2)∫
H1,rdνr
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=∫
|〈∇U(rx),∇V (rx)〉+ εn2 |≤ εn2
H1,r(x)dνr +
∫
|〈∇U(rx),∇V (rx)〉+ εn2 |> εn2
H1,r(x)dνr
≤ ln(1 + r−k(3
2
εn)2) + 2
∫
|〈∇U(rx),∇V (rx)〉+ εn2 |> εn2
r−k/2(rC|x|)2dνr
≤ ln(1 + r−k(3
2
εn)2) + 2r−k/2(rC)2νr(x : |〈∇U(rx),∇V (rx)〉 + εn
2
| > εn
2
)1/2(
∫
|x|4dνr)1/2
≤ ln(1 + r−k(3
2
εn)2) + 22r−k/2(rC)2(n2 + 2n)1/2 exp{−2−12C−4ε2n},
which implies the second inequality of (4.36).
Lemma 4.8. Let β ∈ R and r0 ∈ (0, 1). Let f and g be differentiable functions on [r0, 1] with f(1) = βg(1).
Suppose that g(r) > 0 for every r ∈ [r0, 1]. Suppose also that for every r ∈ [r0, 1]
d
dr
f(r) ≤f(r)g(r)−1 d
dr
g(r). (4.38)
Then
f(r) ≥βg(r), ∀ r ∈ [r0, 1].
Proof Set h(r) = f(r)/g(r) for every r ∈ [r0, 1]. From assumption f(1) = βg(1), we have h(1) = β.
Applying (4.38) and the assumption that g > 0 on [r0, 1], we have for every r ∈ [r0, 1]
d
dr
h(r) =g(r)−1
d
dr
f(r)− f(r)g(r)−2 d
dr
g(r) ≤ 0.
The estimate above, the assumption that g > 0 on [r0, 1] and h(1) = β show that h(r) ≥ β for every
r ∈ [r0, 1]. With the assumption that g > 0 on [r0, 1], this implies the conclusion.
Lemma 4.9. Let α ∈ (0, 1) and let A ∈ Cn such that Bn(δ
√
n) ⊆ A for some δ ∈ (0, 1). Then there exists
some universal integer N7 such that for every t ∈ (0, 2−4δ2), x ∈ Bn(12δ
√
n) and every n ≥ N7
|∇HA,α,t(x) − αe
−tx
1 + α(1− e−t) | ≤ e
−n/6. (4.39)
Proof Recall that function HA,α,t is defined by (3.83). Set h(z) = exp{−α|z|2/2} for z ∈ Rn. Let
t ∈ (0, 2−4δ2) and x ∈ Rn such that |x| < 12δ
√
n. By |x| < 12δ
√
n and 0 ≤ t ≤ 2−4, we have e−t/2x + (1 −
e−t)1/2y ∈ Bn(δ
√
n) for every y ∈ Bn(2
√
n). This and the assumption Bn(δ
√
n) ⊆ A show that for every
y ∈ Bn(2
√
n)
hA,α(e
−t/2x+ (1− e−t)1/2y) = h(e−t/2x+ (1 − e−t)1/2y). (4.40)
With definition (3.81), we have
|ρA(y)− ρA(z)| ≤ |y − z|, for y, z ∈ Rn; |∇hA,α(z)| ≤ (α|z|+ n)hA,α(z), for z ∈ Rn a.e.. (4.41)
Then, by (3.19) and (4.40),
∇HA,α,t(x) =− e
−t/2
hA,α,t(x)
∫
∇hA,α(e−t/2x+ (1− e−t)1/2y)dµn(y)
=− e
−t/2
hA,α,t(x)
∫
|y|>2√n
∇hA,α(e−t/2x+ (1− e−t)1/2y)dµn(y)
+
e−t/2
hA,α,t(x)
∫
|y|>2√n
∇h(e−t/2x+ (1− e−t)1/2y)dµn(y)
− e
−t/2
hA,α,t(x)
∫
∇h(e−t/2x+ (1− e−t)1/2y)dµn(y)
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:=− I1(x) + I2(x)− I3(x). (4.42)
Noticing that |x| ≤ 12
√
n and 0 < hA,α(z), h(z) ≤ e−α|z|2/2 for all z ∈ Rn, we have by (4.41) and (4.42)
|I1(x)− I2(x)|
≤ 2e
−t/2
hA,α,t(x)
∫
|y|>2√n
(α|e−t/2x+ (1− e−t)1/2y|+ n) exp{−α|e
−t/2x+ (1− e−t)1/2y|2
2
}dµn(y)
≤ 4n
hA,α,t(x)
∫
|y|>2√n
dµn(y), (4.43)
where we use assumption α ∈ (0, 1) and the inequality c · e−c2/8 ≤ 2 for c > 0 in the last step above.
Direct calculation shows that
Pth(x) =(1 + α(1− e−t))−n/2 exp{− αe
−t|x|2
2(1 + α(1 − e−t))},
which gives
I3(x) =
1
hA,α,t(x)
∇
∫
h(e−t/2x+ (1− e−t)1/2y)dµn(y)
=− Pth(x)
hA,α,t(x)
αe−tx
1 + α(1 − e−t)
=− αe
−tx
1 + α(1− e−t) −
Pth(x) − hA,α,t(x)
hA,α,t(x)
αe−tx
1 + α(1 − e−t) . (4.44)
By |x| ≤ 12
√
n and α ∈ (0, 1), we have
| αe
−tx
1 + α(1 − e−t) | ≤
1
2
√
n. (4.45)
By (4.40),
|Pth(x)− hA,α,t(x)|
hA,α,t(x)
≤ 1
hA,α,t(x)
∫
|y|>2√n
(
hA,α(e
−t/2x+ (1− e−t)1/2y) + h(e−t/2x+ (1− e−t)1/2y))dµn(y)
≤ 2
hA,α,t(x)
∫
|y|>2√n
dµn(y). (4.46)
Combing (4.42) and (4.44)-(4.46), we have
|∇HA,α,t(x) − αe
−tx
1 + α(1− e−t) | ≤
√
n
hA,α,t(x)
∫
|y|>2√n
dµn(y) + |I1(x) − I2(x)|. (4.47)
By (4.40), |x| ≤ 12
√
n and applying (3.14), (3.17) and (4.40), we get for n ≥ N1
1
hA,α,t(x)
∫
|y|>2√n
dµn(y)
≤2ne−3n/2( ∫ hA,α(e−t/2x+ (1− e−t)1/2y)dµn(y))−1
≤2ne−3n/2( ∫
|y|<√n
exp{−α
2
|e−t/2x+ (1− e−t)1/2y|2}dµn(y)
)−1
≤2ne−3n/2( ∫
|y|<√n
exp{−α
2
(|x|2 + |y|2)}dµn(y)
)−1
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≤2ne−3n/2e5n/8( ∫
|y|<√n
dµn(y)
)−1
≤2n−1e−7n/8.
Applying (4.43), (4.47) and the estimate above, we get the conclusion.
Lemma 4.10. Let u = e−U ∈ CFn satisfying condition L(C1, C2) for some constants 0 < C1 < C2. Let
δ, α ∈ (0, 1) and A ∈ Cn such that Bn(δ
√
n) ⊆ A. Then there exist some constant C7 = C7(α,C1, C2) > 0
and integer N8 = N8(α,C1, C2) such that for every n ≥ N8∫
〈∇hA,α,t(rx),∇u(rx)〉dµn > C7r2n
∫
hA,α,t(rx)u(rx)dµn , (4.48)
provided that e−n/6 < r < δ/4 and t ∈ (0, 2−4δ2).
Proof Let n−1/6 < r < δ/4 and t ∈ (0, 2−4δ2). We have∫
〈∇hA,α,t(rx),∇u(rx)〉 dµn =
(∫
|x|≤2√n
+
∫
|x|>2√n
)
〈∇hA,α,t(rx),∇u(rx)〉dµn
:=J1 + J2. (4.49)
By the first inequality of (4.3) and (4.4)∫
|x|≤2√n
〈x,∇U(rx)〉hA,α,t(rx)u(rx)dµn
≥C1
C2
∫
|x|≤2√n
|∇U(rx)||x|hA,α,t(rx)u(rx)dµn
≥rC
2
1
C2
∫
|x|≤2√n
|x|2hA,α,t(rx)u(rx)dµn . (4.50)
For every x˜ ∈ Sn−1 and every s ∈ (0, 2
√
n), set H(s; x˜) = HA,α,t(srx˜)+U(srx˜)+
s2
2 −(n−1) ln s. Denote
s0 = (2+C2)
−1√n. By Lemma 4.9 and the assumptions of r, t, α and δ, we have for every n ≥ 2∨N7 and
every s ∈ (0, s0)
∂
∂s
H(s; x˜) ≤ αe
−tsr2
1 + α(1 − e−t) + e
−n/6r + C2sr2 + s− n− 1
s
≤sr + e−n/6r + C2sr + s− (1 + C2
2
)
√
n
≤0.
Then for every n ≥ 2 ∨N7,∫
|x|≤2√n
|x|2hA,α,t(rx)u(rx)dµn
≥(s0
2
)2
∫
Sn−1
dmn−1(x˜)
∫ 2√n
s0
2
sn−1 exp{−s
2
2
−HA,α,t(srx˜)− U(srx˜)}ds
≥s
2
0
23
∫
Sn−1
dmn−1(x˜)
∫ 2√n
0
sn−1 exp{−s
2
2
−HA,α,t(srx˜)− U(srx˜)}ds
=
n
23(2 + C2)2
∫
|x|≤2√n
hA,α,t(rx)u(rx)dµn . (4.51)
Set at = αe
−t(1 + α(1 − e−t))−1. Since 0 < r < δ/4 by assumption, we have |rx| ≤ δ
√
n
2 if |x| ≤ 2
√
n.
Then, by the second inequality of (4.3), Lemma 4.9, (4.49) and (4.50) we have for every n ≥ N7
J1 =−
∫
|x|≤2√n
〈ratx,∇u(rx)〉hA,α,t(rx)dµn
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−
∫
|x|≤2√n
〈∇HA,α,t(rx) − ratx,∇u(rx)〉hA,α,t(rx)dµn
≥rat
∫
|x|≤2√n
〈x,∇U(rx)〉hA,α,t(rx)u(rx)dµn − e−n/6
∫
|x|≤2√n
|∇U(rx)|hA,α,t(rx)u(rx)dµn
≥r
2atC
2
1
C2
∫
|x|≤2√n
|x|2hA,α,t(rx)u(rx) dµn − 2re−n/6C2
√
n
∫
|x|≤2√n
hA,α,t(rx)u(rx)dµn .
Noticing that at ≥ α/2 by assumption of t and α, for every n ≥ 2 ∨N7 we get by applying (4.50), (4.51)
and the estimate above
J1 ≥
( αr2C21n
24C2(2 + C2)2
− 2re−n/6C2
√
n
) ∫
|x|≤2√n
hA,α,t(rx)u(rx)dµn . (4.52)
Let x ∈ Rn. Applying (4.41), we have
|∇HA,α,t(x)| = e
−t/2
hA,α,t(x)
∣∣ ∫ ∇hA,α(e−t/2x+ (1− e−t)1/2y)dµn(y)∣∣
≤ e
−t/2
hA,α,t(x)
∫
(|e−t/2x+ (1− e−t)1/2y|+ n)hA,α(e−t/2x+ (1− e−t)1/2y)dµn(y)
≤n+ 1
hA,α,t(x)(2pi(1 − e−t))n/2
∫
|y|hA,α(y) exp{−|y − e
−t/2x|2
2(1− e−t) }dy. (4.53)
Noticing that hA,α(rx˜) is a decreasing function of r ∈ [0,∞), we have by t < 2−4
L1(x) :=
∫
|y|>4(|x|+√n)
|y|hA,α(y) exp{−|y − e
−t/2x|2
2(1− e−t) }dy
=
∫
Sn−1
dmn−1(y˜)
∫ ∞
4(|x|+√n)
rnhA,α(ry˜) exp{−|ry˜ − e
−t/2x|2
2(1− e−t) }dr
≤
∫
Sn−1
dmn−1(y˜)
∫ ∞
4(|x|+√n)
hA,α((|x|+
√
n)y˜)rn exp{− r
2
4(1− e−t)}dr
≤2(4(|x|+√n))n−1 exp{−4(|x|+
√
n)2
1− e−t }
∫
Sn−1
hA,α((|x|+
√
n)y˜)dmn−1(y˜).
We also have for n ≥ 4
L2(x) :=
∫
|y|<|x|+√n
|y|hA,α(y) exp{−|y − e
−t/2x|2
2(1− e−t) }dy
≥
∫
Sn−1
hA,α((|x|+
√
n)y˜)dmn−1(y˜)
∫ |x|+√n
0
rn exp{−|ry˜ − e
−t/2x|2
2(1− e−t) }dr
≥
∫
Sn−1
hA,α((|x|+
√
n)y˜)dmn−1(y˜)
∫ |x|+√n
0
rn exp{− r
2 + |x|2
2(1− e−t)}dr
≥(|x| +√n− 1)n exp{− (|x|+
√
n)2 + |x|2
2(1− e−t) }
∫
Sn−1
hA,α((|x|+
√
n)y˜)dmn−1(y˜)
≥2−n(|x|+√n)n exp{− (|x|+
√
n)2
1− e−t }
∫
Sn−1
hA,α((|x| +
√
n)y˜)dmn−1(y˜).
Applying the two estimates above and t < 2−4 we have for n ≥ 4
L1(x)/L2(x) ≤ 23n exp{−3(|x|+
√
n)2
1− e−t } ≤ 1.
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This gives for n ≥ 4∫
|y|hA,α(y) exp{−|y − e
−t/2x|2
2(1− e−t) }dy ≤2
∫
|y|≤4(|x|+√n)
|y|hA,α(y) exp{−|y − e
−t/2x|2
2(1− e−t) }dy
≤8(|x|+√n)
∫
hA,α(y) exp{−|y − e
−t/2x|2
2(1− e−t) }dy.
Applying (4.53) and the estimate above we have for n ≥ 4
|∇HA,α,t(x)| ≤n+ 8(|x|+
√
n).
Applying Lemma 3.8, the second inequality of (4.3) and the estimate above, we have for every n ≥ N3 ∨ 4
|J2| ≤
∫
|x|>2√n
|∇HA,α,t(rx)||∇U(rx)|hA,α,t(rx)u(rx)dµn
≤rC2
∫
|x|>2√n
(n+ 8(|x|+√n)|x|)hA,α,t(rx)u(rx)dµn
≤10rC2
∫
|x|>2√n
|x|3hA,α,t(rx)u(rx)dµn
≤10re−n/2C2
∫
|x|<√n
hA,α,t(rx)u(rx)dµn . (4.54)
By Lemma 2.2 and (3.14),∫
|x|≤2√n
hA,α,t(rx)u(rx)dµn ≥ 1
2
∫
hA,α,t(rx)u(rx)dµn . (4.55)
Applying (4.49), (4.52) and (4.54), we get for every n ≥ N3 ∨ 4∫
〈∇hA,α,t(rx),∇u(rx)〉dµn
≥r( αrC21n
24C2(2 + C2)2
− 2e−n/6C2
√
n− 10e−n/2C2
) ∫
|x|≤2√n
hA,α,t(rx)u(rx)dµn .
Since r > e−n/6, we get the conclusion by (4.55) and the estimate above.
Lemma 4.11. Let δ, α ∈ (0, 1), ε ∈ (0, δ2/8) and A,B ∈ Cn with Bn(δ
√
n) ⊆ A. Assume that for some
constant t0 > 0
d
dt
φt(hA,α, hB,α) < 0, ∀t ∈ (t0,∞). (4.56)
Then there exists some integer N9 = N9(α, δ, ε) such that for every n ≥ N9
d
dt
φt(hA,α, hB,α) <εnφt(hA,α, hB,α), ∀t ≥ ε. (4.57)
Proof Let C(α) = min(e−3α, 2−6e−3). By Lemma 4.3 and assumption (4.56), we have
d
dt
φt(hA,α, hB,α) < 0, ∀t ∈ (4(2 ln 2− lnC(α)),∞). (4.58)
Suppose that (4.57) does not hold. Then, by (4.58) and the intermediate value theorem, there exists some
t′ ∈ (ε, 4(2 ln 2− lnC(α))) such that
( d
dt
φt(hA,α, hB,α)
)
t=t′
= εnφt′(hA,α, hB,α).
39
Applying (1.8) and (3.2), the equality above shows that∫
〈∇hA,α, ε
2
,∇hB,α,t′− ε
2
〉dµn = −2εnφt′(hA,α, hB,α). (4.59)
To finish the proof of the lemma, in what below we assume that (4.59) holds and show a contradiction
when n is big enough depending on α, δ and ε.
Let r0 = δ/8. First we show that for n big enough depending on ε and δ∫
〈∇U(rx),∇V (rx)〉u(rx)v(rx)dµn ≤ −5−1εn
∫
u(rx)v(rx)dµn , ∀r ∈ [r0, 1]. (4.60)
where U, u and V, v are defined by
u(x) = e−U(x) = hA,α, ε
2
(x), v(x) = e−V (x) = hB,α,t′− ε
2
(x), ∀ x ∈ Rn.
For every r ∈ (0, 1], define probability measure νr by (4.23). Set for every k ≥ 1 and every r ∈ (0, 1]
fk(r) =
∫
ln(1 + r−k〈∇U(rx),∇V (rx)〉2)u(rx)v(rx)dµn , g(r) =
∫
u(rx)v(rx)dµn ,
By ε < t′ < 4(2 ln 2− lnC(α)), Lemma 3.11 and Lemma 3.18, we have for every x ∈ Rn
C(α)e−T (α)In ≤ ∇2U(x) ≤ 4ε−1In, C(α)e−T (α)In ≤ ∇2V (x) ≤ 4ε−1In, (4.61)
where T (α) = 4(2 ln 2 − lnC(α)). Let k0 = ⌊5 · 212ε−3⌋ + 1. By the upper bounds in (4.61) and Lemma
4.6, there exists some integer N (1) = N (1)(ε, δ) such that for every r ∈ [r0, 1] and every n ≥ N (1)
d
dr
fk0(r) ≤fk0(r)g(r)−1
d
dr
g(r) (4.62)
provided that ∫
〈∇U(rx),∇V (rx)〉dνr ≤ −5−1εn. (4.63)
By the first inequality of (4.36), (4.59) and the upper bound in (4.61), there exists some integer N (2) =
N (2)(ε, δ) such that for every n ≥ N (2)
fk0(1) =
∫
ln(1 + 〈∇U(x),∇V (x)〉2)dν1
∫
u(x)v(x)dµn
≥(ln(1 + (2 · 3−1εn)2))g(1). (4.64)
where ν1 is defined by (4.23). By assumption (4.59), there exists some r1 ∈ [r0, 1) such that (4.63) holds
for every r ∈ [r1, 1]. Then, applying Lemma 4.8, (4.62) and (4.64), we have for every r ∈ [r1, 1] and every
n ≥ N (1) ∨N (2)
fk0(r) ≥ (ln(1 + r−k0(2 · 3−1εn)2))g(r). (4.65)
This implies that for every n ≥ N (1) ∨N (2) ∨N (3) with N (3) = N6(3−1ε, r0, k0, 4ε−1)∫
〈∇U(rx),∇V (rx)〉dνr < −3−1εn, ∀r ∈ [r1, 1]. (4.66)
In fact, if (4.66) does not hold, then by assumption (4.59) and the intermediate value theorem, there exists
some some n ≥ N (1) ∨N (2) ∨N (3) and some r′ ∈ [r1, 1] such that (4.66) is an equality for r = r′. This and
the second inequality of (4.36) give
fk0(r
′) < (ln(1 + r′−k0 (2 · 3−1εn)2))g(r′). (4.67)
which contracts (4.65).
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Let n ≥ N (1) ∨N (2) ∨N (3). From the conclusion (4.66), we see that if (4.63) holds for every r ∈ [r1, 1]
with some r1 ∈ [r0, 1), then there exists some r2 < r1 such that (4.63) holds for every r ∈ [r2, 1]. By
standard continuity arguments, this implies that∫
〈∇U(rx),∇V (rx)〉u(rx)v(rx)dµn ≤ −5−1εn
∫
u(rx)v(rx)dµn , ∀r ∈ [r0, 1],
which gives conclusion of (4.60).
By (4.61) and Lemma 4.10, there exists some integer N (4) = N (4)(ε, α) such that for every n ≥ N (4)∫
〈∇U(rx),∇V (rx)〉u(rx)v(rx)dµn > 0, for e−n/6 < r < 1
4
δ.
Since r0 = δ/8, this contradicts (4.60) when n ≥ N (1) ∨N (2) ∨N (3) ∨N (4) ∨ (−6 ln(2−3δ)).
5 Proof of Theorem 1.1
5.1 further derivative estimates
To characterize the equality in (1.2), we prepare the following lemmas.
Lemma 5.1. Suppose that A is a closed, non-degenerate element of Cn and it is not equal to Rn. Then,
either A is bounded or A is of the form A˜ × Rn−k after some orthogonal transformation, where k ∈
{1, · · · , n− 1} and A˜ ∈ Ck is bounded.
Proof To prove the lemma we can assume that A is unbounded in what below. Since A is a unbounded,
symmetric and convex, there exists (
−→
θ l)l≥1 ∈ Sn−1 such that {y : y = t−→θ l, t ∈ [0, l]} ⊆ A for every l ≥ 1.
Therefore, from the assumption that A is closed and symmetric we have {y : y = t−→θ , t ∈ R} ⊆ A for some
element
−→
θ ∈ Sn−1.
Let k be the smallest integer of {1, · · · , n− 1} such that K ⊆ A for some (n− k)-dimensional subspace
K of Rn. By orthogonal transformation, we assume in what below that K = 0k × Rn−k, where 0k is the
zero point of Rk. To prove the lemma, it is sufficient to verify that
(x˜k, zk+1, · · · , zn) ∈ A, ∀ (zk+1, · · · , zn) ∈ Rn−k (5.1)
provided that (x˜k, xk+1, · · · , xn) ∈ A for some x˜k ∈ Rk and some (xk+1, · · · , xn) ∈ Rn−k. Let x =
(x˜k, xk+1, · · · , xn) ∈ A. For every r ∈ (0, 1) and every (zk+1, · · · , zn) ∈ Rn−k, we have by the assumption
of A and K ⊆ A
(rx˜k, zk+1, · · · , zn)
=(1− r)(0k, (1− r)−1(zk+1, · · · , zn)− (1− r)−1r(xk+1 , · · · , xn))+ rx ∈ A.
Then we get (5.1) by letting r → 1 in the above formula.
Lemma 5.2. Suppose that A = A˜ × Rn−k for some bounded set A˜ ∈ Ak with 1 ≤ k ≤ n. Let a =
(a1, · · · , an) ∈ Rn such that |(a1, · · · , ak)| > 0. Let B = {x : |〈x, a〉| ≤ a} for some a > 0. Suppose that A
is non-degenerate. Then
µn(A ∩B) > µn(A)µn(B).
Proof From the assumption that (a1, · · · , ak) 6= 0 and the previous proof of µn(A ∩B) ≥ µn(A)µn(B) in,
e.g., [42] and [22], to verify the conclusion we only need to show that
µk(A˜+ r(a1, · · · , ak)), for r ≥ 0,
is a strictly decreasing function of r ≥ 0. Since A˜ is a non-degenerate bounded set in Rk from the
assumption, by Corollary 2 in [1], we know that this property holds.
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Lemma 5.3. Let A,B ∈ Cn. Suppose that A and B are not unlinked and both of them are non-degenerate.
Then
n∑
i=1
∫
A
(1− |xi|2)dµn(x)
∫
B
(1− |yi|2)dµn(y) > 0. (5.2)
Proof Without loss of generality, we assume that A and B are both closed sets in what below. Since A
and B are not unlinked, we have by definition that neither A nor B is equal to Rn. By Lemma 5.1, there
exist bounded sets A˜ ∈ Ck1 , B˜ ∈ Ck2 for some integers 1 ≤ k1, k2 ≤ n− 1 and orthogonal transformations
Ψ1 and Ψ2 of R
n such that Ψ1(A) = A˜× Rn−k1 and Ψ2(B) = B˜ × Rn−k2 . Let r0 be a constant such that
|x˜| < r0, ∀ x˜ ∈ A˜. (5.3)
For 1 ≤ k ≤ n, denote by 0k the zero point of Rk. For O1, O2 ⊆ Rn, denote O1 ⊥ O2 if 〈x, y〉 = 0 for
every x ∈ O1 and every y ∈ O2; denote O1 ⊕ O2 = {x+ y : x ∈ O1, y ∈ O2} if O1 ⊥ O2. Since Ψ1,Ψ2 are
orthogonal transformations, we have
Ψ1(Ψ
−1
2 (B˜ × 0n−k2)) ⊥ Ψ1(Ψ−12 (0k2 × Rn−k2)).
Then Ψ1(A) and Ψ1(B) are of the form
A˜× Rn−k1 and Ψ1(Ψ−12 (0k2 × Rn−k2))⊕Ψ1(Ψ−12 (B˜ × 0n−k2)), (5.4)
respectively. Notice that Ψ1(Ψ
−1
2 (B˜ × 0n−k2)) ⊥ A˜ × 0n−k1 does not hold. Otherwise, by (5.4), A and B
are unlinked which contradicts the assumption. Therefore, there exist some 1 ≤ j1 ≤ k1 and 1 ≤ j2 ≤ k2
such that
〈ej1 ,Ψ1(Ψ−12 (ej2))〉 6= 0,
which implies that there exists some i0 ∈ {1, · · · , n} such that
〈Ψ1(ei0), ej1〉 6= 0, 〈Ψ1(ei0),Ψ1(Ψ−12 (ej2)〉 6= 0. (5.5)
Applying orthogonal transformation Ψ1, Fubini theorem, the first equality of (3.12), the first property
of (5.5) and Lemma 5.2, we have∫
A
(1 − |xi0 |2)dµn(x) =
∫
Ψ1(A)
(1− |(Ψ−11 (y))i0 |2)dµn(y)
=
∫
A˜×Rn−k2
(1 − |(Ψ−11 (y))i0 |2)dµn(y)
=µn(A)−
∫
A˜×Rn−k2
|〈y,Ψ1(ei0))〉|2dµn(y)
=µn(A)−
∫ ∞
0
dr
∫
A˜×Rn−k2
I|〈y,Ψ1(ei0 )〉|2>rdµn(y)
>µn(A)− µn(A)
∫ ∞
0
dr
∫
I|〈y,Ψ1(ei0 )〉|2>rdµn(y)
=0. (5.6)
Similarly, by the second property of (5.5) we also have∫
B
(1− |xi0 |2)dµn(x) > 0. (5.7)
By (2.1), we also have for i = 1, · · · , n∫
A
(1− |xi|2)dµn(x) ≥ 0,
∫
B
(1− |xi|2)dµn(x) ≥ 0, . (5.8)
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Applying (5.6)-(5.8), we get
n∑
i=1
∫
A
(1 − |xi|2)dµn(x)
∫
B
(1− |yi|2)dµn(y)
≥
∫
A
(1− |xi0 |2)dµn(x)
∫
B
(1− |yi0 |2)dµn(y)
>0,
which gives (5.2).
Lemma 5.4. Let A,B ∈ Cn. Then
d2ψλ(A,B)
dλ2 λ=0
≥ 0. (5.9)
Suppose further that A and B are not unlinked and neither of them is degenerate. Then
d2ψλ(A,B)
dλ2 λ=0
> 0. (5.10)
Proof Applying Lemma 2.8 and Fubini theorem, we have
d2
dλ2
ψλ(A,B)λ=0
=
∫
A
∫
B
(n+ |〈x, y〉|2 − |x|2 − |y|2)dµ2n(x, y)
=
n∑
i=1
∫
A
∫
B
(1 − |xi|2)(1 − |yi|2)dµ2n(x, y) + 2
n∑
i,j=1,i6=j
∫
A
∫
B
xixjyiyjdµ2n(x, y)
=
n∑
i=1
∫
A
(1− |xi|2)dµn(x)
∫
B
(1− |yi|2)dµn(y) + 2
n∑
i,j=1,i6=j
∫
A
xixjdµn(x)
∫
B
yiyjdµn(y). (5.11)
Set
ai,j =
∫
A
xixjdµn(x), for i, j ∈ {1, · · · , n}.
Since
∫
A
xidµn(x) = 0 for 1 ≤ i ≤ n, (ai,j) is the covariance matrix of random variables (IAxi)1≤i≤n under
probability space (Rn, µn). Then, Q(ai,j)Q
τ is a diagonal matrix for some orthogonal transformation Q of
R
n. Under the coordinate system (Q(e1), · · · , Q(en)), we have by (5.11)
d2
dλ2
ψλ(A,B)λ=0 =
n∑
i=1
∫
A
(1− |xi|2)dµn(x)
∫
B
(1 − |yi|2)dµn(y).
Then we get (5.9) and (5.10) by Lemma 2.2 and Lemma 5.3, respectively.
5.2 proof of Theorem 1.1
The following result is a generalization of Proposition 4 in [40].
Lemma 5.5. Let 0 ≤ λ0 < λ1 ≤ 1. Suppose that for any ε > 0, there exists some integer n0 = n0(ε) such
that for every n ≥ n0
ψλ1(A,B) ≥ exp{−εn}ψλ0(A,B), ∀ A,B ∈ Cn. (5.12)
Then
ψλ1(A,B) ≥ ψλ0(A,B), ∀ A,B ∈ Cn, n ≥ 1. (5.13)
In particular, if (5.12) holds for λ0 = 0 and λ1 = 1, then
µn(A ∩B) ≥ µn(A)µn(B), ∀ A,B ∈ Cn, n ≥ 1. (5.14)
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Proof Assume in what below that 0 ≤ λ0 ≤ λ1 ≤ 1. Let A,B ∈ Cn and m ≥ 1. Set Am =
∏
1≤i≤mA ∈
Cmn, Bm =
∏
1≤i≤mB ∈ Cmn. By Fubini theorem and (1.4), we have for λ ∈ [0, 1)
ψλ(Am, Bm) =
∫
Am
∫
Bm
f2mn((xi)
m
i=1, (yi)
m
i=1;λ)
m∏
i=1
dxidyi
=
∫
Am
∫
Bm
m∏
i=1
f2n(xi,yi;λ)dxidyi
=
( ∫
A
∫
B
f2n(xi,yi;λ)dxidyi
)m
=ψλ(A,B)
m, (5.15)
where xi,yi ∈ Rn for 1 ≤ i ≤ m. Notice that the inequality above holds also for λ = 1.
Let ε > 0. By (5.12) and (5.15), when mn ≥ n0 we have
ψλ1(A,B) =ψλ1(Am, Bm)
1/m
≥( exp{−εmn}ψλ0(Am, Bm))1/m
=exp{−εn}ψλ0(A,B). (5.16)
Noticing that ε can be taken arbitrary small, the conclusion (5.13) follows by (5.16). The last conclusion
is a direct consequence of (1.5) and (5.13).
Lemma 5.6. Let α > 0 and δ ∈ (0, 1). Let A ∈ Cn, u ∈ CFn and assume that Bn(δ
√
n) ⊆ A. Then, there
exists some integer N10 = N10(δ) such that for every n ≥ N10∫
hA,αudµn ≤ 4
∫
IAudµn. (5.17)
For every n ≥ 1, we also have ∫
hA,αudµn ≥(1 + 2α)−n/2
∫
IAudµn. (5.18)
Proof Let x˜ ∈ Sn−1. Set
r0(x˜) = inf{r ≥ 0 : rx˜ ∈ A}.
From the definition above and the assumption Bn(δ
√
n) ⊆ A, we get
r0(x˜)x˜ ∈∂A, r0(x˜) ≥ δ
√
n. (5.19)
Let Σx˜ be a supporting hyperplane of A containing r0(x˜)x˜ and let ex˜ be the unit normal vector of Σx˜ such
that 〈ex˜, x˜〉 > 0. Then, from Bn(δ
√
n) ⊆ A and r0(x˜)x˜ ∈ ∂A, we have Σx˜ ∩Bn(δ
√
n) = ∅. Therefore,
〈ex˜, r0(x˜)x˜〉 ≥ δ
√
n. (5.20)
Denote Λx˜ = {y : 〈y− r0(x˜)x˜, ex˜〉 ≤ 0}. We have A ⊆ Λx˜ by the convexity of A and definition of ex˜. Then,
with the help of (5.20), we have for every s > 0
ρA((r0(x˜) + s)x˜) ≥ ρΛx˜((r0(x˜) + s)x˜) = ρΣx˜((r0(x˜) + s)x˜) = s〈ex˜, x˜〉 ≥
√
n
r0(x˜)
δs,
which gives
ρA((r0(x˜) + s)x˜) ≥ δs, if r0(x˜) ≤
√
n and s ≥ 0. (5.21)
Noticing that u(rx˜) is a decreasing function of r ∈ [0,∞), we have∫ r0(x˜)
0
u(rx˜)rn−1 exp{−r
2
2
}dr ≥u(r0(x˜)x˜) exp{−r0(x˜)
2
2
}
∫ r0(x˜)
0∨(r0(x˜)−n−1/2)
rn−1dr. (5.22)
44
By the inequality in (5.19) and 0 < δ < 1, we have for every n ≥ 2δ−1
(r0(x˜)− n−1/2)n−1 ≥r0(x˜)n−1(1− r0(x˜)−1n−1/2)n−1
≥r0(x˜)n−1(1− δ−1n−1)n
≥e−2/δr0(x˜)n−1.
This and (5.22) show that for every n > 2δ−1
∫ r0(x˜)
0
u(rx˜)rn−1 exp{−r
2
2
}dr ≥1
2
e−1/δn−1/2u(r0(x˜)x˜) exp{−r0(x˜)
2
2
}r0(x˜)n−1,
which gives ∫
A∩Bn(
√
n)
udµn
≥ 1
(2pi)n/2
∫
Sn−1
dmn−1(x˜)
∫ r0(x˜)
0
u(rx˜)rn−1 exp{−r
2
2
}Ir0(x˜)≤√ndr
≥ e
−2/δ
n1/2(2pi)n/2
∫
Sn−1
u(r0(x˜)x˜) exp{−r0(x˜)
2
2
}r0(x˜)n−1Ir0(x˜)≤√ndmn−1(x˜). (5.23)
If δ2
√
n ≥ 2, by the inequality in (5.19), we have for every r ≥ r0(x˜)
d
dr
(− (n− 1) ln r + 1
2
(r − r0(x˜))δn
)
=− n− 1
r
+
1
2
δn
≥− n
r0(x˜)
+ δ−1
√
n
≥0,
which gives
−(n− 1) ln r + 1
2
(r − r0(x˜))δn ≥ − (n− 1) ln r0(x˜), for r ≥ r0(x˜).
If δ2
√
n ≥ 2, applying (5.21) and the estimate above, we obtain∫
Ac∩Bn(
√
n)
exp{−nρA(x)}u(x)dµn
≤ 1
(2pi)n/2
∫
Sn−1
dmn−1(x˜)
∫ r0(x˜)∨√n
r0(x˜)
exp{−δn(r − r0(x˜))}u(rx˜)rn−1 exp{−r
2
2
}dr
≤ 1
(2pi)n/2
∫
Sn−1
u(r0(x˜)x˜) exp{−r0(x˜)
2
2
}dmn−1(x˜)
∫ r0(x˜)∨√n
r0(x˜)
exp{−δn(r − r0(x˜))}rn−1dr
≤ 1
(2pi)n/2
∫
Sn−1
u(r0(x˜)x˜) exp{− (r0(x˜))
2
2
}r0(x˜)n−1dmn−1(x˜)
∫ r0(x˜)∨√n
r0(x˜)
exp{−1
2
δn(r − r0(x˜))}dr
≤ 2
δn(2pi)n/2
∫
Sn−1
u(r0(x˜)x˜) exp{− (r0(x˜))
2
2
}r0(x˜)n−1Ir0(x˜)≤√ndmn−1(x˜). (5.24)
Combing (5.23) and (5.24), we have for n big enough depending on δ∫
Ac∩Bn(
√
n)
exp{−nρA(x)}u(x)dµn ≤
∫
A∩Bn(
√
n)
udµn.
Applying (2.1), (3.14) and the estimate above, for n ≥ N10 we have∫
hA,αuµn ≤ 1
µn(Bn(
√
n))
∫
Bn(
√
n)
hA,αudµn
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≤ 1
µn(Bn(
√
n))
( ∫
A∩Bn(
√
n)
udµn +
∫
Ac∩Bn(
√
n)
exp{−nρA}udµn
)
≤ 2
µn(Bn(
√
n))
∫
A
udµn
≤4
∫
A
udµn,
which gives (5.17).
Applying Lemma 2.1 and Fubini theorem , we get∫
hA,αudµn ≥
∫
exp{−α|x|2}IA(x)u(x)dµn
≥
∫
exp{−α|x|2}dµn
∫
IAudµn
=(1 + 2α)−n/2
∫
IAudµn,
which gives (5.18).
Corollary 5.7. Let α > 0 and δ ∈ (0, 1). Let A,B ∈ Cn and assume that Bn(δ
√
n) ⊆ A ∩ B. Then we
have for every t ≥ 0 and every n ≥ N10
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∫
IAPtIBdµn ≥
∫
hA,αPthB,αdµn, (5.25)
Moreover, for every n ≥ 1 and every t ≥ 0 we have∫
hA,αPthB,αdµn ≥(1 + 2α)−n
∫
IAPtIBdµn. (5.26)
Proof Let t ≥ 0. By (3.2) and (5.17), we have for every n ≥ N10∫
hA,αPthB,αdµn ≤4
∫
IAPthB,αdµn
=4
∫
hB,αPtIAdµn
≤24
∫
IBPtIAdµn = 2
4
∫
IAPtIBdµn.
which gives (5.25). Similarly, we have by (3.2) and (5.18)∫
hA,αPtHB,αdµn ≥(1 + 2α)−n/2
∫
IAPthB,αdµn
=(1 + 2α)−n/2
∫
hB,αPtIAdµn
≥(1 + 2α)−n
∫
IBPtIAdµn
=(1 + 2α)−n
∫
IAPtIBdµn.
which gives (5.26).
Lemma 5.8. Let α > 0 and A,B ∈ Cn. Then for every r > max{HA,α(0), HB,α(0)}, the set {x : HA,α(x) ≤
r} and the set {: HB,α(x) ≤ r} are not unlinked.
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Proof If two sets are unlinked, then by definition at least one of them is unbounded. Notice that for every
r > max{HA,α(0), HB,α(0)}, the two sets {x ∈ Rn : HA,α(x) ≤ r} and {x ∈ Rn : HB,α(x) ≤ r} are both
bounded. Therefore, {x ∈ Rn : HA,α(x) ≤ r} and {x ∈ Rn : HB,α(x) ≤ r} are not unlinked.
Proof for the first conclusion of Theorem 1.1 Define for every D ∈ Cn and every r > 0
D[r] = {x : HD,α(x) ≤ r}.
Let A,B ∈ Cn and α > 0. We have for every t > 0
hA,α,t(x) =PthA,α(x)
=
1
(1− e−t)n/2(2pi)n/2
∫
exp{−HA,α(y)} exp{−|y − e
−t/2x|2
2(1− e−t) }dy
=
1
(1− e−t)n/2(2pi)n/2
∫ ∫ exp{−HA,α(y)}
0
dr exp{−|y − e
−t/2x|2
2(1− e−t) }dy
=
1
(1− e−t)n/2(2pi)n/2
∫ 1
0
dr
∫
IA[− ln r](y) exp{−
|y − e−t/2x|2
2(1− e−t) }dy
=
∫ 1
0
PtIA[− ln r](x)dr.
Notice that the equality above holds also for t = 0. By Fubini theorem and the equality above
φt(hA,α, hB,α) =
∫
hA,α,thB,αdµn
=
∫ ( ∫ 1
0
PtIA[− ln r1](x)dr1
)( ∫ 1
0
IB[− ln r2](x)dr2
)
dµn(x)
=
∫ 1
0
dr1
∫ 1
0
dr2
∫
PtIA[− ln r1](x)IB[− ln r2](x)dµn(x)
=
∫ 1
0
dr1
∫ 1
0
φt(IA[− ln r1] , IB[− ln r2])dr2,
which gives
ψλ(hA,α, hB,α) =
∫ 1
0
dr1
∫ 1
0
ψλ(IA[− ln r1] , IB[− ln r2])dr2.
Then we have for every λ ∈ [0, 1)
d2
dλ2
ψλ(hA,α, hB,α) =
∫ 1
0
dr1
∫ 1
0
d2
dλ2
ψλ(IA[− ln r1] , IB[− ln r2])dr2. (5.27)
Set s0 = max(HA,α(0), HB,α(0)). Notice that for every s > s0, A
[s] and B[s] are both non-degenerate
symmetric convex sets. Moreover, by Lemma 5.8, A[s] and B[s] are not unlinked for every s > s0. Therefore,
we have by Lemma 5.4
( d2
dλ2
ψλ(IA[− ln r1] , IB[− ln r2])
)
λ=0
> 0, ∀ r1, r2 ∈ (0, e−s0),
which further gives together with (5.27)
( d2
dλ2
ψλ(hA,α, hB,α)
)
λ=0
> 0.
By Lemma 2.4 and the estimate above, there exists some constant λ0 ∈ (0, 1) such that
d
dλ
ψλ(hA,α, hB,α) > 0, ∀ λ ∈ (0, λ0).
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Therefore,
d
dt
φt(hA,α, hB,α) < 0, ∀ t ∈ (−2 lnλ0,∞). (5.28)
Let ε ∈ (0, 2−6) and T (α) = 4(2 ln 2 − lnC(α)) with C(α) = min(e−3α, 2−6e−3). Set α = ε. We have
C(α) = e−3ε and T (ε) = 4(3 + 2 ln 2− ln ε). By Lemma 4.3 and (5.28),
d2
dt2
φt(hA,α, hB,α) >0, ∀ t ∈ (T (ε),∞),
which further gives by Lemma 4.3 and (5.28)
d
dt
φt(hA,α, hB,α) >0, ∀ t ∈ (T (ε),∞).
This implies
φt(hA,α, hB,α) ≥ φs(hA,α, hB,α), if T (ε) ≤ t < s. (5.29)
Next we assume n ≥ N9(ε, 4
√
ε, ε)∨N10(4
√
ε). When Bn(4
√
εn) ⊆ A∩B, we have by (4.57) and (5.29)
φt(hA,α, hB,α) > exp{−ε(s− t)n}φs(hA,α, hB,α), if ε ≤ t ≤ s, (5.30)
which gives
φε(hA,α, hB,α) ≥ exp{−ε(T (ε)− 1)n}φT (ε)(hA,α, hB,α).
When Bn(4
√
εn) ⊆ A ∩B, applying (5.29) and the estimate above, we further get
φ0(hA,α, hB,α) ≥ exp{−εT (ε)n} lim
s→∞φs(hA,α, hB,α).
When Bn(4
√
εn) ⊆ A ∩B, the estimate above and Corollary 5.7 give
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∫
IAIBdµn ≥
∫
hA,αhB,αdµn
≥ exp{−εT (ε)n} lim
s→∞
∫
hA,αPshB,αdµn
≥(1 + 2α)−n exp{−εT (ε)n} lim
s→∞
∫
IAPsIBdµn
≥ exp{−ε(T (ε) + 2)n} lim
s→∞
∫
IAPsIBdµn
=exp{−ε(T (ε) + 2)n}
∫
IAdµn
∫
IBdµn
≥ exp{−4ε(4 + 2 ln 2− ln ε)n}
∫
IAdµn
∫
IBdµn,
For every A,B ∈ Cn, the estimate above and Corollary 3.5 give∫
IAIBdµn ≥ 2−4 exp{−4
(
3
√
ε+ ε(4 + 2 ln 2− ln ε))n} ∫ IAdµn
∫
IBdµn, (5.31)
With the estimate above, (1.2) follows by Lemma 5.5.
Proof for the second conclusion of Theorem 1.1 Let ε > 0. From the calculation to prove (5.31), for
n big enough depending on ε we have
φt(A,B) ≥ 2−4 exp{−4
(
3
√
ε+ ε(4 + 2 ln 2− ln ε))n}φs(A,B), if 0 ≤ t ≤ s, A,B ∈ Cn.
The estimate above and Lemma 5.5 show that φt(A,B) is a non-increasing function of t ≥ 0 for every
A,B ∈ Cn with n ≥ 1. Let A,B ∈ Cn and assume that A and B are not unlinked and neither of them is
degenerate. Then, by Lemma 2.4 and Lemma 5.4, φt(A,B) is strictly decreasing on [c,∞) for some c > 0.
Combing these two facts above, we get the second conclusion of Theorem 1.1.
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Corollary 5.9. For u, v ∈ CFn, ψλ(u, v) is a nondecreasing function of λ ∈ [0, 1]. When further assuming
that u and v are both differentiable, we have∫
〈∇u,∇v〉dµn ≥ 0,
provided that the integral above is well defined.
Remark 5.10. Applying Theorem 1.1, we can prove Harge´’s correlation inequality in [17] when the log-
concave function is symmetric and the Gaussian measure is centered. Let u ∈ CFn and let v be a convex
function. Following the proof of Theorem 1.2 in [16], we define
ξt =
∫
u(x) exp{−t(v(x) + v(−x))}dµn −
∫
u(x)dµn
∫
exp{−t(v(x) + v(−x))}dµn.
By Theorem 1.1, we have ξt ≥ 0 for all t ≥ 0. Since ξ0 = 0, we have dξt/dt ≥ 0 for t = 0, which gives∫
u(x)v(x)dµn =
1
2
∫
u(x)(v(x) + v(−x))dµn
≤1
2
∫
u(x)dµn
∫
(v(x) + v(−x))dµn
=
∫
u(x)
∫
v(x)dµn.
Here we assume that all the integrals above are well defined.
6 Some applications
6.1 the Gaussian correlation inequality on Wiener space
The following Theorem verifies a conjecture which is stated in (2.6) of [34] and conjecture 6.1 of [26] for
instance, with additional measurable assumption.
Theorem 6.1. Let F be a separable Banach space. Assume that µ is a Wiener measure on F and F is
the Borel σ-algebra of (F, µ). Then for any symmetric convex sets A and B in F
µ(A ∩B) ≥ µ(A)µ(B). (6.1)
Proof Since the Wiener measure on F is a Radon measure, c.f. [29], there exists a sequence of compact sets
An of F such that An ⊆ A and limn→∞ µ(An) = µ(A). Similarly, there exists a sequence of compact sets
Bn such that Bn ⊆ A and limn→∞ µ(Bn) = µ(B). Denote the convex hull of a set D by Conv(D). We see
that Conv((−An)∪An) is a symmetric compact set. Noticing that limn→∞ µ(Conv((−An)∪An)) = µ(A)
and limn→∞ µ(Conv((−Bn) ∪Bn)) = µ(B), it is sufficient to prove (6.1) for symmetric compact sets.
Suppose in what below that A and B are symmetric compact sets of F . Since F is separable, there
exist continuous linear functions (ln)n≥1 and (l′n)n≥1 such that A = ∩n≥1{w ∈ F : |ln(w)| ≤ 1} and
B = ∩n≥1{w ∈ F : |l′n(w)| ≤ 1}. Noticing that, for any n ≥ 1, (l1, · · · , ln, l′1, · · · , l′n) is a 2n−dimensional
Gaussian random vector defined on (F, µ), we have by Theorem 1.1,
µ(w ∈ F : |lk(w)| ≤ 1, |l′k(w)| ≤ 1, 1 ≤ k ≤ n})
≥µ(w ∈ F : |lk(w)| ≤ 1, 1 ≤ k ≤ n)µ(w ∈ F : |l′k(w)| ≤ 1, 1 ≤ k ≤ n).
Therefore we get (6.1) by taking n→∞ in the inequality above.
6.2 a spectral gap inequality of Dirichlet Laplacian and a correlation inequality for subor-
dinate Brownian motion
First we show that for any open convex set A which is not equal to Rn, A is also not equal to Rn. Otherwise
there exists some x0 ∈ A with x0 ∈ Ac. Choose y0 ∈ A and ε small enough such that y0 + Bn(ε) ⊆ A.
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From the convexity assumption of A, (2x0 − y0 − Bn(ε)) ∩ A = ∅ which shows that A is not equal to Rn.
For any open set A ⊆ Rn, denote by λ1(A) the the first nonzero eigenvalue of the Laplacian on A under
Dirichlet boundary condition when it exists. By Lemma 5.1 and the property above, we see that λ1(A) > 0
if A is an open set belonging to Cn and it is not equal to Rn.
Corollary 6.2. Let A and B be two open sets in Cn and assume that neither of them is equal to Rn. Then
λ1(A ∩B) ≤ λ1(A) + λ1(B). (6.2)
Proof Denote for every T > 0
C([0, T ];Rn) = {f : f is a continuous function from [0, T ] to Rn}. (6.3)
Similarly, denote by C([0,∞);Rn) the set of continuous pathes in Rn parameterized by [0,∞). Denote by
(Bt) the standard coordinate Brownian motion on C([0,∞);Rn). The distribution of (Bt) on C([0,∞);Rn)
and C([0, T ];Rn), T > 0, are denoted by P and PT , respectively. For every T > 0, we take C([0, T ];Rn) as
a separable Banach space with L∞ norm. For an open domain D ⊆ Rn and s > 0, set τD = inf{t ≥ 0 :
Bt ∈ Dc} and τsD = inf{0 ≤ t ≤ s : Bt ∈ Dc}. Here the infimum of an empty set is assumed to be infinity.
We know that (c.f. [4])
− lim
t→∞
t−1 lnP(τD > t) = λ1(D). (6.4)
provided that the spectral gap exists. Noticing that {τ tA =∞} and {τ tB =∞} are both open and symmetric
convex sets of C([0, t];Rn), we have by (6.1) and (6.4)
λ1(A ∩B) =− lim
t→∞
t−1 lnP(τA∩B > t)
=− lim
t→∞
t−1 lnPt(τ tA =∞, τ tB =∞)
≤− lim
t→∞
t−1 lnPt(τ tA =∞)− limt→∞ t
−1 lnPt(τ tB =∞)
=− lim
t→∞
t−1 lnP(τA > t} − lim
t→∞
t−1 lnP(τB > t}
=λ1(A) + λ1(B),
which gives the conclusion.
In what below, a measurable function f on Rn is called non-decreasing if f(x1, · · · , xn) ≥ f(y1, · · · , yn)
provided that xi ≥ yi for every i = 1, · · · , n. The following inequality is a special case of FKG inequality
on product spaces, c.f. [23].
Lemma 6.3. Let dν =
∏
1≤i≤n dνi, where νi is a probability measures on R for each i ∈ {1, · · · , n}. Let f
and g be non-decreasing functions on Rn. Then∫
fgdν ≥
∫
fdν
∫
gdν, (6.5)
provided that both sides above are well defined.
Lemma 6.4. Let m ≥ 1 and (Bi,t)1≤i≤m be m independent Brownian motions on Rn. Let (Ti)1≤i≤m be m
independent nonnegative random variables and assume that all of them are independent with (Bi,t)1≤i≤m.
Set X = (BT1 , · · · , BTm) and denote the distribution of X by PX . Then for every A,B ∈ Cnm
PX(A ∩B) ≥ PX(A)PX(B). (6.6)
Proof By the scaling property of (Bt), for every D ∈ Cnm and t1, · · · , tm, s1, · · · , sm > 0,
P
(
(B1,t1 , · · · , Bm,tm) ∈ D
)
=P
(
((
t1
s1
)1/2B1,s1 , · · · , (
tm
sm
)1/2Bm,sm) ∈ D
)
=P
(
(B1,s1 , · · · , Bm,sm) ∈ D′
)
, (6.7)
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where D′ = {x : x = (( s1t1 )1/2y(1), · · · , ( smtm )1/2y(m)), (y(i))mi=1 ∈ D with y(i) ∈ Rn for 1 ≤ i ≤ m }. When
0 < ti < si for each i ∈ (1, · · · ,m), we have D ⊆ D′ and hence by (6.7)
P
(
(B1,t1 , · · · , Bm,tm) ∈ D
)
≥P
(
(B1,s1 , · · · , Bm,sm) ∈ D
)
. (6.8)
Set
fD(t1, · · · , tm) =P
(
(B1,t1 , · · · , Bm,tm) ∈ D
)
, if ti > 0 for i = 1, · · · ,m;
fD(t1, · · · , tm) =0, otherwise.
Applying (6.8), we have that fD(t1, · · · , tm) is a non-increasing function of t1, · · · , tm ≥ 0. Denote by ν
the distribution of (Ti)1≤i≤m on Rm. By independent assumptions of (Ti)1≤i≤m, ν is a product probability
measure on Rm.
To simply notations, for a set D we denote ID by χ(D) in what below. For every A,B ∈ Cnm, we have
by Theorem 1.1 and the FKG inequality (6.5)
PX(A ∩B) =P
(
X ∈ A ∩B
)
=E
(
E
(
χ((B1,t1 , · · · , Bm,tm) ∈ A ∩B)|T1 = t1, · · · , Tm = tm
))
≥E
(
E
(
χ((B1,t1 , B2,t2 , · · · , Bm,tm) ∈ A)|T1 = t1, · · · , Tm = tm
)
· E(χ((B1,t1 , B2,t2 , · · · , Bm,tm) ∈ B)|T1 = t1, · · · , Tm = tm))
=
∫
Rm
fA(t1, · · · , tm)fB(t1, · · · , tm)dν
≥
∫
Rm
fA(t1, · · · , tm)dν
∫
Rm
fB(t1, · · · , tm)dν
=PX(A)PX (B),
which completes the proof.
A non-decreasing one dimensional Le´vy process is called subordinator, c.f. [5]. A subordinator (Xt)
can be characterized by its Laplace exponent Ψ, i.e.,
E(e−λXt) = e−tΨ(λ), ∀ t, λ ≥ 0.
A function Ψ is the Laplace exponent of a subordinator if and only if it has the following form:
Ψ(λ) = aλ+
∫
(0,∞)
(1− e−λx)Π(dx), (6.9)
where a ≥ 0 and Π(dx) is a measure on (0,∞) such that ∫(0,∞)(x ∧ 1)Π(dx) <∞.
Let (Bt) be a Brownian motion on R
n and (Xt) be a subordinator with Laplace exponent Ψ which is
independent with (Bt). A subordinate Brownian motion associated with (Xt) is a time changed Brownian
motion defined by
BΨt = BXt , ∀t ≥ 0. (6.10)
The process (BΨt ) is a Le´vy process. Denote by D([0,∞);Rn) the space of ca`dla`g functions from [0,∞)
to Rn, i.e., right continuous functions with left limits defined on [0,∞). We know that D([0,∞);Rn) is
a Polish space when it is endowed with Skorohod topology. Under this topology, a sequence (ωm,t)m≥1 ∈
D([0,∞);Rn) converges to some (ωt) ∈ D([0,∞);Rn) if and only if there exists a sequence of strictly
increasing functions (λm(t))m≥1 from [0,∞) onto [0,∞) such that
lim
m→∞
sup{|λm(t)− t| : t ≥ 0} = 0
lim
m→∞
sup{|ωm,λm(t) − ωt| : 0 ≤ t ≤ T } = 0, ∀ T ∈ [0,∞). (6.11)
We refer to [5] and [6] for some properties of subordinator and Skorohod topology, respectively.
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Lemma 6.5. Let (sk) be a dense set of [0,∞) and (ωt) ∈ D([0,∞);Rn). Assume that (ωm,t)m≥1 ∈
D([0,∞);Rn) converges to some (ωt) ∈ D([0,∞);Rn) under Skorohod topology. Assume also that for every
m ≥ 1 and every k = 1, · · · ,m, ωsk = ωm,sk . Then ωt = ωt for every t ≥ 0.
Proof By the assumption of convergence, there exists a sequence of strictly increasing functions (λm(t))m≥1
from [0,∞) onto [0,∞) such that (6.11) holds. Let 0 ≤ t0 < T for some T > 0. For any ε > 0, by (6.11),
there exists m0 = m0(ε) such that for m ≥ m0
|ωm,λm(t) − ωt|+ |λm(t)− t| ≤ ε, if 0 ≤ t ≤ T + 1. (6.12)
Since (sk) is a dense set, for every ε ∈ (0, 1/3) there exists sk0 for some integer k0 = k0(ε) ≥ 1 such that
t0 + ε < sk0 < t0 + 2ε. Therefore, for m ≥ m0, we have by (6.12) that
λm(t0) < sk0 < λm(t0 + 3ε).
Then, noticing that ωsk0 = ωm′0,sk0 for m
′
0 := m0 ∨ k0, we have by (6.12) and the right continuity of (ωt)
and (ωt)
ωt0 = lim
ε→0
ωsk0 = limε→0
(ωsk0 − ωm′0,sk0 ) + limε→0ωm′0,sk0 = limε→0ωsk0 = ωt0 ,
which completes the proof.
Denote by FΨ the Borel σ-algebra ofD([0,∞);Rn) under Skorohod topology and denote the distribution
of (BΨt ) on (D([0,∞);Rn),FΨ) by µΨ.
Corollary 6.6. Let
(
D([0,∞);Rn),FΨ, µΨ
)
be the probability space described as above. Then for any
measurable symmetric convex sets A and B of FΨ,
µΨ(A ∩B) ≥ µΨ(A)µΨ(B). (6.13)
Proof Since µΨ is a Radon measure, we can assume that A and B are both symmetric compact sets in
FΨ as in the proof of Theorem 6.1. Let (sk) be a dense subset of [0,∞). For any symmetric compact set
D ∈ FΨ, denote for every m ≥ 1
Dm = {(ωt)t≥0 : ωsk = ωsk , 1 ≤ k ≤ m, for some (ωt)t≥0 ∈ D}.
Notice that D ⊆ Dm and Dm is a symmetric convex set for every m ≥ 1. Next we show that
D = ∩m≥1Dm. (6.14)
Since D ⊆ ∩m≥1Dm, we only need to show the converse relation. Suppose that (ωt) ∈ ∩m≥1Dm, then
there exists (ωm,t) ∈ Dm,m ≥ 1, such that ωsk = ωm,sk for 1 ≤ k ≤ m. From the assumption that D is
compact, there exists (ωt) ∈ D and a subsequence (mk) such that (ωmk,t) converges to (ωt) under Skorohod
topology. Therefore, by Lemma 6.5 we have (ωt) = (ωt) ∈ D.
Set for every m ≥ 1
D′m = {(x(k))1≤k≤m : x(k) = ωsk , for some (ωt)t≥0 ∈ D}.
Let m ≥ 1. We see that D′m is a symmetric convex set of Rmn and
{(BΨsk)1≤k≤m ∈ D′m} = {(BΨt )t≥0 ∈ Dm}. (6.15)
Denote by Fm the following transformation from R
mn to itself
Fm((x
(k))1≤k≤m) = (x(1), x(2) − x(1), · · · , x(m) − x(m−1)), x(k) ∈ Rn, 1 ≤ k ≤ m.
Set D′′m = Fm(D
′
m). Since Ψ is linear, D
′′ is also a symmetric convex set of Rmn. We also have
{(BΨs1 , BΨs2 −BΨs1 , · · · , BΨsm −BΨsm−1) ∈ D′′m} = {(BΨs1 , BΨs2 , · · · , BΨsm) ∈ D′m}, ∀ m ≥ 1. (6.16)
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Since (BΨt ) is a Le´vy process, the distribution of (B
Ψ
s1 , B
Ψ
s2 −BΨs1 , · · · , BΨsm −BΨsm−1) is the same as the dis-
tribution of X(s1, · · · , sm) := (BΨ1,s1 , BΨ2,s2−s1 , · · · , BΨm,sm−sm−1), where (BΨi,t), 1 ≤ i ≤ m, are independent
processes with the same distribution as (BΨt ). Then, we have by Lemma 6.4, (6.10), (6.15) and (6.16)
µΨ((B
Ψ
t )t≥0 ∈ Am, (BΨt )t≥0 ∈ Bm)
=PX(X(s1, · · · , sm) ∈ A′′m, X(s1, · · · , sm) ∈ B′′m)
≥PX(X(s1, · · · , sm) ∈ A′′m)PX(X(s1, · · · , sm) ∈ B′′m)
=µΨ((B
Ψ
t )t≥0 ∈ Am)µΨ((BΨt )t≥0 ∈ Bm),
where PX is the distribution of X(s1, · · · , sm). By (6.14), we get the conclusion by letting m →∞ in the
estimate above.
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